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Srvwdo vhuylfhv= ohjdo prqrsro|/ hqwu| dqg

h!flhqf|�

Euxqr Ervfr- dqg Oxfld Sdulvlr--

-Xqlyhuvlw| ri Plodq 0 Elfrffd dqg O1 Erffrql Xqlyhuvlw| ri Plodq

--Xqlyhuvlw| ri Plodq 0 Elfrffd

Devwudfw

Lq wklv sdshu zh ghulyh h!flhqf| frqglwlrqv iru wkh ghwhuplqdwlrq

ri dq rswlpdo uhvhuyhg duhd lq d prgho ri srvwdo vhuylfhv* wdul�v zlwk

srwhqwldo hqwu|1 Fxuuhqw Hxurshdq uhjxodwru| vfkhphv duh fulwlfdoo|

glvfxvvhg zlwklq wkh deryh phqwlrqhg iudphzrun1 Iroorzlqj d uhfhqw

lqqrydwlyh dssurdfk ri Fuhz dqg Nohlqgruihu +5333, lq wklv sdshu zh

suhvhqw d prgho wkdw looxvwudwhv wkh zhoiduh frvwv ri wkh h{rjhqrxv

ghwhuplqdwlrq ri wkh uhvhuyhg duhd +hyhq dv dq xsshu olplw, dqg wkh

h!flhqw frqglwlrqv wr eh uhvshfwhg iru lwv h!flhqw ghwhuplqdwlrq dorqj0

vlgh wkh ghwhuplqdwlrq ri rswlpdo Udpvh| dqg shdn0ordg sulflqj1 Lq

wklv odwwhu uhvshfw wkh sdshu lv dq h{whqvlrq ri uhfhqw Fuhz dqg Nohlq0

gruihu*v uhvxowv1

MHO fodvvl�fdwlrq= G5/ O8

4 Lqwurgxfwlrq

Srvw r!fhv duh wudglwlrqdoo| frqvlghuhg dv d +vxl jhqhulv, qdwxudo prqrsro|

+Fuhz dqgNohlqgruihu/ 4<<5= 48, ehfdxvh ri wkh qhwzrun vwuxfwxuh wkdw fkdu0

dfwhul}hv sduw ri wkhlu dfwlylwlhv1 Dv vxfk/ srvw r!fhv kdyh ehhq uhjxodwhg

doo ryhu wkh zruog lq rughu wr hqvxuh zhoiduh frpsdwleoh rxwfrphv ri wkhlu

ehkdylrxu hyhq dw wkh frvw ri doorzlqj ohjdo prqrsro| surwhfwlrq iru d sduw

ri wkh vhuylfhv wkh| surylgh1 Qrqhwkhohvv/ lq uhfhqw wlphv zh kdyh zlwqhvvhg

qhz uhjxodwlrq srolf| dlplqj dw uhgxflqj wkh surwhfwhg duhd dqg shuplwwlqj

frpshwlwlyh hqwu|1 D uhfhqw h{dpsoh ri wklv qhz dwwlwxgh wrzdugv srvwdo

vhuylfhv lv wkh XH Gluhfwlyh 9:2<:1 Wkh zhoiduh irxqgdwlrqv ri wklv qhz

srolf| fdq eh hdvlo| xqghuvwrrg lq whupv ri wkh ghvluh wr fuhdwh frqglwlrqv

iru frpshwlwlyh suhvvxuh rq wkh lqfxpehqw �upv* frvw lq rughu wr lpsuryh

surgxfwlyh h!flhqf|1 Zkdw lv pruh gl!fxow wr xqghuvwdqg lv krz wklv srolf|

WWklv sdshu kdv ehhq suhvhqwhg dw vhplqduv khog dw wkh O1 Erffrql Xqlyhuvlw| dqg dw

wkh Xqlyhuvlw| ri Plodq0Elfrffd1 Zh wkdqn vhplqduv* sduwlflsdqwv1 Zh wkdqn dovr Jldqql
Gh Iudmd iru khosixo frpphqwv rq d suhylrxv yhuvlrq1 Wkh xvxdo glvfodlphuv dsso|1
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fdq eh uhfrqflohg zlwk dqrwkhu wudglwlrqdo zhoiduh hohphqw ri srvwdo uhjxod0

wlrq/ qdpho| wkh pdlqwhqdqfh ri wkh vr0fdoohg Xqlyhuvdo Vhuylfh Reoljdwlrq

+XVR, lq d uhjlph ri xqltxh sulfh1 Lqghhg/ frpshwlwlyh hqwu| pd| mhrsdu0

gl}h wkh srvvlelolw| ri pdnlqj furvv vxevlgl}dwlrq dprqj gl�huhqw vhuylfhv

ehorqjlqj wr XVR zklfk/ xqghu xqlirup wdul�/ shuplwv wkh lqfxpehqw wr

fryhu h{fhvv frvw +ryhu uhyhqxh, iru vrph vhuylfhv zlwk h{fhvv uhyhqxh +ryhu

frvw, iru rwkhuv dqg vr lpsohphqw wkh deryh phqwlrqhg furvv0vxevlgld}dwlrq

srolf|1

Dffruglqj wr Fuhz dqg Nohlqgruihu +4<<;,/ XVR h{lvwv li/ rq wkh zkroh

+qdwlrqdo, pdunhw/ wkh vxsso| ri vhuylfhv lv fkdudfwhul}hg e| xeltxlw|/ wdu0

l� xqliruplw| dqg txdolw| xqliruplw|1 Wdul� xqliruplw| doorzv wkh deryh

phqwlrqhg furvv vxevlgl}dwlrq dprqj vhuylfhv dqg holplqdwhv wkh wudqvdf0

wlrq frvwv dvvrfldwhg wr wkh vhdufk ri wkh orzhvw sulfh li gl�huhqw vxssolhuv

duh suhvhqw lq gl�huhqw vhjphqwv ri wkh pdunhw1 Xeltxlw| dqg txdolw| xql0

iruplw| duh hvvhqwldo wr XVR vlqfh wkh| frqwulexwh wr gh�qh lwv yhu| dqg

prvw edvlf qdwxuh +Fuhz dqg Nohlqgruihu/ 5333= 8,1 Jlyhq wkh deryh wkuhh

hohphqwv ri XVR rqh kdv wr uhfrjql}h wkdw frpshwlwlyh hqwu| pljkw lpslqjh

xsrq XVR reoljdwlrqv ri wkh lqfxpehqw li wkh uhjxodwru grhv qrw wdnh phd0

vxuhv vx!flhqw wr dyrlg fuhdp vnlpplqj srolf| rq wkh sduw ri hqwudqwv1 Wr

suhyhqw wklv rxwfrph wkh lqvwlwxwlrq ri d uhvhuyhg duhd lv jhqhudoo| uhfrp0

phqghg +Nrolq dqg Vplwk/ 4<<<> Urguljxh} hw do1/ 4<<<,1 Wkh uhvhuyhg duhd

vkrxog frqvlvw ri d vxevhw ri XVR vhuylfhv iru zklfk frpshwlwlrq lq vxsso|

lv qrw doorzhg1 Vlqfh lq wklv vxevhw frvwv duh jhqhudoo| orzhu wkdw uhyhqxhv

wklv surylghv wkh lqfxpehqw zlwk vx!flhqw uhvrxufhv wr phhw lwv reoljdwlrq

wr surylgh wkh uhvw ri XVR vhuylfhv +surgxfhg dw kljkhu frvwv, dw wkh vdph

xqlirup sulfh fkdujhg iru wkh vhuylfhv ehorqjlqj wr wkh uhvhuyhg duhd1 Suri0

lwv pdgh lq wkh uhvhuyhg duhd zloo �qdqfh wkh vxsso| ri qrq uhvhuyhg XVR

vhuylfhv vrog dw wkh vdph sulfh1 Jlyhq wklv furvv0vxevlgl}dwlrq vfkhph/ wkh

glphqvlrq ri wkh uhvhuyhg duhd vkrxog/ lq wxuq/ eh hqgrjhqrxvo| ghwhuplqhg

dorqjvlgh wkh rswlpdo +xqlirup, wdul�1 D uhvhuyhg duhd h{rjhqrxvo| ghwhu0

plqhg e| wkh uhjxodwru zlwkrxw uhihuhqfh wr wdul�v pljkw qrw eh h!flhqw1

Wkh XH Gluhfwlyh 9:2<: rshudwhv d vruw ri lqwhuphgldwh fkrlfh vlqfh lw �{hg

dq xsshu olplw wr wkh qxpehu ri vhuylfhv wr eh lqfoxghg lq wkh uhvhuyhg duhd1

Hyhq wklv vroxwlrq/ krzhyhu/ lv rshq wr fulwlflvpv zkhq wdul� xqliruplw| lv

pdlqwdlqhg1 Wkh h{whqw ri wkh xsshu olplw pljkw qrw eh vx!flhqw wr jxdu0

dqwhh wkh lqfxpehqw wkh ixo�oophqw ri euhdn0hyhq frqglwlrqv iru wkh doo XVR

vhuylfhv zkhq jryhuqphqw vshfl�f vxevlglhv duh qrw doorzhg1 Li wkh lqfxp0

ehqw hqfrxqwhuhg khuvhoi lq vxfk d frqglwlrq krz frxog vkh uhdfwB Lq vxfk

d frqglwlrq wkh qhjrwldwlrq ri orzhu txdolw| vwdqgdugv iru wkh hqwluh vhw ri

XVR vhuylfhv pljkw eh d phdvxuh wkh lqfxpehqw fdq uhvruw wr lq rughu wr

uhgxfh frvwv dqg kdyh qr exgjhw orvvhv1 Lq wklv fdvh/ wkh xowlpdwh uhvxow

ri wkh uhjxodwlrq srolf| dlplqj dw hdvlqj hqwu| e| frpsuhvvlqj wkh ohjdoo|

uhvhuyhg duhd ri XVR frxog eh wkh rssrvlwh wr wkh lqwhqghg rqh= l1h1 wkh lq0

fxpehqw pljkw uhvsrqg wr wkh uhjxodwru| srolf| ri hdvlqj hqwu| zlwk txdolw|

5



uhgxfwlrq udwkhu wkdq zlwk pruh lqwhuqdo h!flhqf|1

Iroorzlqj d uhfhqw lqqrydwlyh dssurdfk ri Fuhz dqg Nohlqgruihu +4<;;>

5333, lq wklv sdshu zh suhvhqw d prgho wkdw looxvwudwhv wkh zhoiduh frvwv ri wkh

h{rjhqrxv ghwhuplqdwlrq ri wkh uhvhuyhg duhd +hyhq dv d xsshu olplw, zkhq

wklv lv �{hg lqghshqghqwo| ri sulfhv dqg wkh frqglwlrqv wr eh uhvshfwhg iru

lwv h!flhqw ghwhuplqdwlrq dorqjvlgh wkh ghwhuplqdwlrq ri dq rswlpdo hlwkhu

Udpvh| ru shdn0ordg sulflqj1 Lq wklv odwwhu uhvshfw wkh sdshu lv dq h{whqvlrq

ri suhylrxv Fuhz dqg Nohlqgruihu*v uhvxowv vlqfh lw r�huv dujxphqwv djdlqvw

uhvwulfwlrqv ri wkh uhvhuyhg duhd hyhq lq wkh fdvh ri qr wdul� xqliruplw|1 Wkh

sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 5 d eulhi vxppdu| ri wkh pdlq

dvshfwv ri XVR lv suhvhqwhg lq rughu wr pdnh vxevhtxhqw glvfxvvlrq fohduhu1

Lq vhfwlrq 6 wkh hqgrjhqrxv ghwhuplqdwlrq ri wkh olplwv ri wkh uhvhuyhg duhd

lv rewdlqhg lq zhoiduh pd{lpl}dwlrq prgho wkdw pdlqwdlqv wdul� xqliruplw|1

Wkh wudgh0r� ehwzhhq hdvlqj frpshwlwlyh suhvvxuh dqg suhvhuylqj XVR lv

dqdo|wlfdoo| glvfxvvhg1 Vhfwlrq 7 vkrzv wkdw hyhq glvfduglqj wdul� xqliruplw|

wkh lpsrvlwlrq ri h{rjhqrxv olplwv wr wkh uhvhuyhg duhd vwloo surgxfhv frvwo|

lqh!flhqflhv1 Vhfwlrq 8 vxppdul}hv wkh pdlq uhvxowv1

5 Wkh xqlyhuvdo vhuylfh

Wkh lghd ri d xqlyhuvdo vhuylfh +XVR, kdv ehhq wudglwlrqdoo| xvhg wr mxvwli|

wkh suhvhqfh ri d +jhqhudoo| sxeolf, prqrsro| lq wkh srvwdo vhfwru1 Wkh prvw

iuhtxhqwo| hqfrxqwhuhg hohphqwv ri XVR duh vhuylfh xeltxlw| dqg sulfh xql0

iruplw|1 Dv iru wkh iruphu/ d uhfhqw dssurdfk wdnhq e| wkh Hxurshdq Xqlrq

+X1H1 Gluhfwlyh 9:2<:, lpsolhv wkdw xqliruplw| pxvw eh rewdlqhg ryhu wkh

hqwluh Hxurshdq whuulwru| e| phdqv ri wkh lpsrvlwlrq wr phpehu vwdwhv ri

xqlirup plqlpxp vwdqgdugv1 Dv iru sulfh xqliruplw| lw lv uhfrjql}hg wkdw

wklv klvwrulfdo hohphqw ri XVR doorzv wkh h{sorlwdwlrq ri wkh dgydqwdjhv ri d

suhsdlg wdul� dqg shuplwv wkh plqlpl}dwlrq ri wudqvdfwlrq vhdufk frvwv/ l1h1

frvwv lqfxuuhg e| xvhuv wr rewdlq lqirupdwlrq derxw wdul�v iru hdfk vhuylfh

dqg iru hdfk urxwh dv zhoo dv wkh fruuhvsrqglqj pdunhwlqj frvwv iru wkh srvwdo

hqwhusulvh1 Vlqfh wkhvh frvwv duh jhqhudoo| frqvlghuhg dv qrq qhjoljleoh/ sulfh

xqliruplw| lv qrupdoo| uhjdughg dv d frqvwlwxhqw sduw ri XVR1 Krzhyhu/ rqh

vkrxog frqvlghu wkdw wkh dgydqwdjhv ri xqlirup sulflqj lpsolhv dq doorfdwlyh

glvwruwlrq lqgxfhg e| wkh dssolfdwlrq ri qrq pdujlqdo frvw sulflqj/ zklfk

lv lq wxuq mxvwl�hg e| wkh qhhg wr hqvxuh furvv0vxevlgl}dwlrq dprqj vhuylfhv

ehorqjlqj wr XVR1 Pruh vshfl�fdoo|/ vlqfh lw lv srvvleoh wr gh�qh hdfk srvwdo

vhuylfh rq wkh edvlv ri lwv surgxfw vshfl�flw| +ruglqdu| pdlo/ uhjlvwhuhg pdlo/

sdfndjh/ hwf1,/ ri hdfk frxsoh ri srlqwv ri froohfwlrq dqg gholyhu| +urxwh vhu0

ylfhg, dqg rq wkh edvlv ri wkh frpelqdwlrq ri zhljkw0yroxph fkdudfwhulvwlfv

ri hdfk surfhvvhg lwhp wkh pdujlqdo frvw ri wkh vhuylfh fkdqjhv dffruglqj

wr hdfk sduwlfxodu frpelqdwlrq ri surgxfw/ urxwh/ zhljkw dqg yroxph wkdw

lv uhdol}hg1 Lq wxuq wklv lpsolhv wkdw vrph vhuylfhv2urxwhv frpelqdwlrqv duh
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sur�wdeoh zkhuhdv rwkhuv duh qrw1 Wkhuhiruh/ xqlirup sulflqj/ l1 h1 d sro0

lf| ri d vdph sulfh fkdujhg iru dq| vhuylfh luuhvshfwlyh ri wkh vhuylfh0urxwh

frpelqdwlrq/ lpsolhv wkh h{lvwhqfh ri furvv vxevlglhv dprqj gl�huhqw surg0

xfwv dqg gl�huhqw urxwhv1 Srolf| dlphg dw rshqlqj wkh vhfwru wr frpshwlwlyh

hqwu| vkrxog/ wkhuhiruh/ wdnh wkh deryh furvv0vxevlgl}dwlrq sureohp lqwr df0

frxqw1 Li dssursuldwh phdvxuhv duh qrw wdnhq frpshwlwlyh hqwu| pljkw uhvxow

lq fuhdp vnlpplqj rq wkh sduw ri wkh hqwudqwv dqg wklv pd| mhrsdugl}h furvv0

vxevlgl}dwlrq dqg wkh yhu| srvvlelolw| ri phhwlqj XVR frpplwphqwv iru wkh

lqfxpehqw1 Iru wklv uhdvrq wkh uhjxodwlrq ri wkh olplwv ri wkh uhvhuyhg duhd

dqg wkh sulflqj srolf| vkrxog eh vwulfwo| frruglqdwhg1

6 Wkh h!flhqw glphqvlrq ri wkh uhvhuyhg duhd zlwk

h!flhqw xqlirup wdul�v

Ohw D eh wkh vhw ri wkh h{lvwlqj srvwdo surgxfwv +ohwwhuv/ srvwfdugv/ sdufhov/

hwf1,1 Hdfk d 5 D lv fkdudfwhul}hg e| d �urxwh� glphqvlrq w zklfk lqglfdwhv

wkh glvwdqfh ehwzhhq wkh srlqw ri froohfwlrq dqg wkh srlqw ri gholyhu|1 Fdoo W

wkh vhw ri doo srvvleoh urxwhv dqg dvvxph wkdw erwk D dqg W duh qrupdol}hg

vxevhwv ri wkh vhw ri wkh uhdo qxpehuv/ l1h1 sxw D @ ^3> 4` dqg W @ ^3> 4` =

Ohw xv lqglfdwh D @ U ^ X ^ F zkhuh U @ ^3> u` lv wkh vhw ri wkh vhuylfhv

ehorqjlqj wr wkh uhvhuyhg duhd/ X @ ^3> x` � U lv wkh vhw ri XVR vhuylfhv

iru wkh lqfxpehqw +uhvhuyhg ru qrw, dqg F lv wkh vhw ri vhuylfhv rshq wr

frpshwlwlrq1 Wkhq/ wkh lqfxpehqw lv d ohjdo prqrsrolvw frpshoohg wr XVR

rq U � X > vkh lv d frpshwlwru frpshoohg wr XVR rq XqU zkhuh vkh pd| eh

fkdoohqjhg e| iulqjh frpshwlwruv qrw frpshoohg wr XVR > dqg �qdoo| vkh lv d

frpshwlwru qrw frpshoohg wr XVR lq F @ DqX 1 Dv rqh fdq vhh/ wkh hqwluh

vhw D lv sduwlwlrqhg lqwr vxevhwv lq vxfk d zd| wkdw wkh ydoxhv ri hdfk d lq

hdfk lqwhuydo uh hfwv wkh ehorqjlqj ri hdfk vhuylfh wr= l, d uhvhuyhg duhd> ll,

dq XVR vhfwru h{lvwlqj rxwvlgh wkh uhvhuyhg duhd> lll, d sxuh frpshwlwlyh

vhfwru1 Dffruglqjo|/ zh fdq gh�qh wkh iroorzlqj lqhtxdolw| 3 ? u ? x � 4

zkhuh hdfk ohwwhu gh�qhv wkh xsshu olplw ri hdfk uhohydqw lqwhuydo zkhuh d

pd| idoo1

Wkh txdqwlw| ri hdfk vhuylfh surylghg e| wkh lqfxpehqw lv vshfl�hg e| wkh

wzr fkdudfwhulvwlfv/ d dqg w/ dqg lw zloo eh lqglfdwhg dv { +d> w> �, =Zh dvvxph/

iroorzlqj Fuhz dqg Nohlqgruihu +4<<;,/ wkdw iru hdfk vxevhw ri vhuylfhv wkhuh

lv d pdujlqdo zloolqjqhvv wr sd| ri wkh frqvxphuv4=

Y +{-+d> w,> 3, zkhq d 5 +3> u,

Y +{L +d> w,> |+d> w,, zkhq d 5 +u . %> x,

Y +{�+d> w,> |+d> w,, zkhq d 5 +x. %> 4,

4Iroorzlqj Fuhz dqg Nohlqgruihq +4<<;, zh dvvxph dovr txdvl0olqhdu suhihuhqfhv dqg

vhsdudelolw| ri zloolqjqhvv wr sd| dfurvv vhuylfhv1
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zkhuh |+d> w, lv wkh txdqwlw| r�huhg e| wkh frpshwlwruv1 Iru d 5 +3> u,/

zh kdyh |+d> w, @ 3 ehfdxvh wkh vhuylfhv ehorqj wr wkh uhvhuyhg duhd dqg

{ +d> w>U, @ {- +s6 +d, > w, dv wkh txdqwlw| vrog e| wkh lqfxpehqw dw d sulfh

s6 +d, lq wkh uhvhuyhg duhd U= Qrwlfh wkdw ehfdxvh ri wkh xqlirup sulfh uxoh

zlwklq wkh XVR duhd w lv qrw dq dujxphqw ri s +=,1 Iru d 5 ^u . �> x` > wkdw lv

lq wkh duhd vwloo vxemhfw wr XVR exw rshq wr frpshwlwlrq/ txdqwlw| vrog e|

wkh lqfxpehqw lv { +d> w>X, @ {L +s6 +d, > w> ss,/ zkhuh ss lv wkh frpshwlwruv*

sulfh dqg s6 +=, lv rqfh djdlq lqghshqghqw ri w ehfdxvh ri wkh wdul� xqliruplw|

uxoh1 Txdqwlw| vrog e| frpshwlwruv lv | +d> w>X, @ |L +ss +d> w, > s6 +d, > w, =

Ilqdoo|/ rxwvlgh wkh XVR duhd/ txdqwlwlhv duh { +d> w>F, @ {� +s6 +d> w, > w> ss ,

dqg | +d> w>F, @ |� +ss +d> w, > s6 +d> w, > w,/ uhvshfwlyho|1 Qrwlfh wkdw lq wklv

odwwhu fdvh wkh lqfxpehqw*v sulfhv wrr ghshqg xsrq w1 Lq wklv fdvh zh duh

rxwvlgh wkh XVR duhd dqg wkh lqfxpehqw pd| ehkdyh lq d sur�w pd{lpl}lqj

zd|1

Lw zloo eh dvvxphg wkdw iru hdfk d frvwv lqfuhdvh zlwk w1 Wklv lpsolhv

wkdw li wkh wdul� ri hdfk vhuylfh d 5 X lv lpsrvhg wr eh xqlirup luuhvshfwlyh

ri wkh urxwh/ wkh iroorzlqj sureohp hphujhv= li wkh ohyho ri u lv h{rjhqrxv

wkh lqfxpehqw pd| qrw pdnh vx!flhqw sur�wv rq wkh orz frvw urxwhv lq

rughu wr �qdqfh wkh vhuylfhv surylghg rq wkh kljk frvw urxwhv1 Lw lv fohdu

wkdw dffruglqj wr wkh frvwv ohyhov wkhuh duh pdq| ydoxhv ri u dqg s +=, wkdw

fdq jxdudqwhh dq ryhudoo euhdn0hyhq uhvxow iru wkh vhuylfhv ehwzhhq 3 dqg

x> li wkh srvvlelolw| ri xvlqj iru wklv sxusrvh wkh sur�wv pdgh lq wkh sxuh

frpshwlwlyh duhd lv ohjdoo| surklelwhg1 Wkhuhiruh/ lq wkh suhvhqfh ri d ohjdo

uhvhuyh uhjlph s +=, dqg u vkrxog eh fkrvhq vlpxowdqhrxvo|1 Wr looxvwudwh wklv

ohw xv gh�qh wkh lqfxpehqw*v frvwv dv iroorzv=

F6 @ I6 . f6 +d> w,{+=,

zkhuh I6 lv wkh �{ frvw dqg wkh frpshwlwruv* frvwv dv

Fs @ fs +d> w, |+=,

Zh dvvxph iulqjh ehkdylrxu rq wkh sduw ri frpshwlwruv iru dq| vhuylfh d 5

^u. %> 4` = Wkhq ss +=, @ fs +d> w, . f� +d, > zkhuh f� +d, lqglfdwhv wudqvdfwlrq

frvwv h{lvwlqj rqo| rxwvlgh wkh uhvhuyhg duhd51

Xqghu wkh deryh dvvxpswlrqv wkh vrfldo sodqqhu*v sureohp lv wr pd{lpl}h

z1u1w1 s dqg u wkh iroorzlqj zhoiduh ixqfwlrq=

Z @

o[
@'f

�[
|'f

^Y +{- +s6 +d, > w,,� f6 +d> w,{- +s6 +d, > w,`�I6.

.

�[
@'on0

�[
|'f

^Y +{L +s6 +d, > w> ss +d> w,, > |L +ss +d> w, > s6 +d, > w,,`.

5Iroorzlqj Fuhz dqg Nohlqgruihu +4<<;, zh dvvxph d frpsohwh vkliwlqj ri wudqvdfwlrq

frvwv rq sulfhv1

8



.

�[
@'�n0

�[
|'f

^Y +{� +s6 +d> w, > w> ss +d> w,, > |� +ss +d> w, > s6 +d> w, > w,,`.

�

�[
@'on0

�[
|'f

^f6 +d> w,{L +s6 +d, > w> ss +d> w,, . +fs +d> w, . f� +d,,�

|L +ss +d> w, > s6 +d, > w,`.

�

�[
@'�n0

�[
|'f

^+f6 +d> w, . f� +d,, {� +s6 +d> w, > w> ss +d> w,, .

+fs +d> w, . f� +d,, |� +ss +d> w, > s6 +d> w, > w,` +4,

xqghu wkh iroorzlqj sduwlflsdwlrq frqvwudlqw iru wkh lqfxpehqw=

o[
@'f

�[
|'f

^s6 +d, {-+d> w,� f6 +d> w,{-+d> w,`.

�[
@'on0

�[
|'f

^s6 +d, {L+d> w,� f6 +d> w, {L+d> w,`.

�[
@'�n0

�[
|'f

^s6 +d> w,{�+d> w,� f6 +d> w, {�+d> w,`�I6 � 3 +5,

Wkh �uvw whup lq +4, lv wkh qhw vxusoxv hydoxdwhg zlwk uhvshfw wr wkh frq0

vxpswlrq ri wkh vhuylfhv ehorqjlqj wr wkh uhvhuyhg duhd zkhuhdv wkh rwkhu

whupv lqglfdwh qhw vxusoxv uhdol}hg rxwvlgh wkh uhvhuyhg duhd1

Iluvw rughu frqglwlrqv zlwk uhvshfw wr s +=, iru ;d 5 ^3> x`/ duh=

�[
|'f

�
+s6 +d,� f6 +d> w,,

C{- +=,

Cs6 +d,

�
. +6,

�[
|'f

�
s6 +d,

C{L +=,

Cs6 +d,
. ss +d> w,

C|L +=,

Cs6 +d,

�
.

�

�[
|'f

�
f6 +d> w,

C{L +=,

Cs6 +d,
. +fs +s> w, . f� +d,,

C|L +=,

Cs6 +d,

�
.

��

�[
|'f

�
{- +=, . s6 +d,

C{- +=,

Cs6 +d,
� f6

C{- +=,

Cs6 +d,

�
.

��

�[
|'f

�
{L +=, . s6 +d,

C{L +=,

Cs6 +d,
� f6

C{L +=,

Cs6 +d,

�
@ 3

9



zkhuh � lv wkh Odjudqjldq pxowlsolhu dvvrfldwhg wr wkh frqvwudlqw +5,1 Fro0

ohfwlqj whupv dqg vlpsoli|lqj/ zh jhw/ ;d 5 ^3> x`=

�[
|'f

�
+s6 +d,� f6 +d> w,,

C[E-nL�

Cs6

�
@

�

4� �

�[
|'f

[E-nL� +7,

zkhuh

[E-nL� @ {- +d> s6> w, . {L +d> s6> w,

Iru dq| vhuylfh ehorqjlqj wr wkh ryhudoo XVR duhd pdujlqdo frvw sulflqj

lv suhyhqwhg e| � A 31

H{sdqglqj +7, rqh jhwv

S�
|'f

�
+s6 +d,� f6 +d> w,,

C{-+d> s6> w,

Cs6

�
s6 +d,

S�
|'f {-+d> s6> w,

@

S�
|'f

�
+s6 +d,� f6 +d> w,,

C{L +d> s6> w,

Cs6

�
s6 +d,

S�
|'f {L +d> s6> w,

+8,

wkh h!flhqw xqlirup wdul�/ l1h1 wkh wdul� frpprq wr doo urxwhv iru hdfk vhu0

ylfh/ vkrxog eh fdofxodwhg/ jlyhq wkh ydoxh ri u/ lq vxfk d zd| wkdw pdujlqdo

sur�w ryhu wrwdo uhyhqxh uhdol}hg lq wkh uhvhuyhg duhd vkrxog htxdo pdujlqdo

sur�w ryhu wrwdo uhyhqxh uhdol}hg lq wkh uhvw ri XVR qrq uhvhuyhg duhd1 Rq

wkh rqh kdqg/ wklv irupdol}hv wkh lghd ri furvv vxevlgl}dwlrq dprqj urxwhv

iru hdfk vhuylfhv1 Vlqfh frvwv ydu| zlwk glvwdqfh/ orz glvwdqfh urxwhv vxe0

vlgl}h orqj glvwdqfh urxwhv iru hdfk vhuylfh1 Rq wkh rwkhu kdqg/ htxdwlrq

+8, lpsolhv d yhuvlrq ri Udpvh| sulflqj zkhuh hdfk sursruwlrqdo sulfh0frvw

yduldwlrq lv zhljkwhg e| wkh wrwdo yduldwlrq ri wkh txdqwlw| vrog lq dq| urxwh

vhuylfhg1 Wkhvh Udpvh| sulfhv duh qrw qhfhvvdulo| dssolhg wr hdfk urxwh w>

exw wr wkh hqwluh vhw W ri urxwhv rq zklfk vhuylfh d pljkw eh surylghg1

Rxwvlgh wkh XVR duhd/ l1h1 zlwklq wkh sxuh frpshwlwlyh duhd/ �uvw rughu

frqglwlrqv ri wkh sureohp +405, duh/;d 5 ^x. %> 4` >;w 5 ^3> 4`=

^s6 +d> w,`� f6 +d> w,

^s6 +d> w,`
@

�

+4� �,

4

m�+s6 +d> w,,m

;d 5 ^x. �> 4`

;w 5 ^3> 4`
+9,

zkhuh �+s6 +d> w,, lv wkh ghpdqg hodvwlflw| wr sulfh1 Wkh lpsolfdwlrq ri +9,

lv wkdw Udpvh| sulflqj vkrxog eh dssolhg wr hdfk vhuylfh dqg ryhu dq| urxwh

fryhuhg e| wkdw vhuylfh1

Zh kdyh wkhuhiruh ghulyhg wzr gl�huhqw vhwv ri h!flhqw sulfhv wkh lqfxp0

ehqw vkrxog uhvruw wr lq rughu wr pd{lpl}h zhoiduh xqghu d edodqfhg exgjhw

frqvwudlqw iru dq| ydoxh ri u1 Lq wkh ryhudoo XVR duhd xqlirup +ryhu urxwhv,

sulfhv vkrxog eh xvhg wr hqvxuh euhdn0hyhq frqglwlrqv �rq wkh dyhudjh� l1h1

iru wkh hqwluh yroxph ri vhuylfhv vrog ryhu wkh doo qhwzrun ri urxwhv1 Wklv

:



lpsolhv wkdw furvv vxevlgl}dwlrq dprqj urxwhv lv srvvleoh1 Rxwvlgh wkh XVR

duhd/ zhoiduh pd{lpl}dwlrq lpsolhv wkdw Udpvh| sulfhv vkrxog eh dssolhg

vhuylfh e| vhuylfh dqg urxwh e| urxwh1

Wr glvfxvv frqglwlrqv iru wkh h!flhqw glphqvlrq ri wkh uhvhuyhg duhd

zh pd{lpl}h wkh zhoiduh ixqfwlrq +4, xqghu wkh dvvrfldwhg frqvwudlqw zlwk

uhvshfw wr u1 I1r1f1 duh wkh iroorzlqj=

�[
|'f

�
+s6 +u,� f6 +u> w,,

C{- +=,

Cu

�
.

�[
|'f

�
s6 +u . %,

C{L +=,

Cu

�

��

�[
|'f

�
Cs6
Cu

{- +u> w,

�
� �

�[
|'f

�
+s6 � f6 +u> w,,

C{- +=,

Cu

�
.

��

�[
|'f

�
Cs6
Cu

{L +u . %> w,

�
� �

�[
|'f

�
+s6 +u . %,� f6 +u . %> w,,

C{L +=,

Cu

�
@ 3

zklfk uhzulwhv dv=

�[
|'f

CY +{- +u> w,,

Cu
.

�[
|'f

CY +{L +u . %> w,,

Cu
.

�

�[
|'f

f +u> w,
C{- +u> w,

Cu
�

�[
|'f

f +u . %> w,
C{L +u . %> w,

Cu
@

�

�[
|'f

�
Cs6
Cu

{- +u> w, . +s6 � f6 +u> w,,
C{- +=,

Cu

�
.

. �

�[
|'f

�
Cs6
Cu

{L +u . %> w, . +s6 � f6 +u . %> w,,
C{L +=,

Cu

�

Wkh O1K1V1 lv wkh qhw frqvxphuv* vxusoxv yduldwlrq lqgxfhg e| wkh glvsodfh0

phqw ri d vhuylfh iurp rqh duhd wr wkh frqwljxrxv rqh dqg wkh U1K1V1 lq wkh

qhw yduldwlrq ri wkh lqfxpehqw*v sur�wv zhljkwhg e| �1

Wkh srlqw zruwk vwuhvvlqj lv wkdw wkh hqodujhphqw2uhvwulfwlrq ri wkh uh0

vhuyhg duhd pd| d�hfw wkh sulfh dssolhg wr wkh doo XVR vhuylfhv1 Wkhuhiruh

zkhq wkh uhjxodwru �{hv wkh ydoxh ri wkh uhvhuyhg duhd vkh vkrxog ehdu lq

plqg wkdw wkh rswlpdo ydoxh ri u ghshqgv rq frqvxphuv* hydoxdwlrq ri erwk

uhvhuyhg dqg XVR qrq uhvhuyhg vhuylfhv yld wkh xqltxh wdul� dqg wkdw zho0

iduh frqvlghudwlrqv edvhg xsrq txdqwlw| dqg sulfh fkdqjhv hydoxdwhg rqo|

zlwk uhvshfw wr wkh uhvhuyhg duhd pljkw jlyh d olplwhg li qrw plvohdglqj uhs0

uhvhqwdwlrq ri wkh h�hfwv ri d uhjxodwlrq srolf| frqvlvwlqj lq d prgl�fdwlrq

ri wkh h{whqw ri wkh uhvhuyhg duhd1 Wr hydoxdwh wklv zh dvvxph wkdw u lv

h{rjhqrxvo| �{hg e| wkh uhjxodwru dqg irupdol}h wklv e| lpsrvlqj d qhz

;



frqvwudlqw +au � u, � 3 wr wkh pd{lpl}dwlrq sureohp zkhuh au lv wkh pd{l0

pxp olplw lpsrvhg wr wkh glphqvlrq ri wkh uhvhuyhg duhd1 Wkh odvw i1r1f1

ehfrphv=

�[
|'f

CY +{- +u> w,,

Cu
.

�[
|'f

CY +{L +u . %> w,,

Cu
.

�

�[
|'f

f +u> w,
C{- +u> w,

Cu
�

�[
|'f

f +u . %> w,
C{L +u . %> w,

Cu
@

�

�[
|'f

�
Cs6
Cu

{- +u> w, . +s6 � f6 +u> w,,
C{- +=,

Cu

�
.

. �

�[
|'f

�
Cs6
Cu

{L +u . %> w, . +s6 � f6 +u . %> w,,
C{L +=,

Cu

�
. �

Li � @ 3> wkh lqfxpehqw rshudwhv zlwk u ? au1 Vkh euhdnv0hyhq zlwklq

wkh olplw ri wkh uhvhuyhg duhd xvlqj wkh sulfh vwuxfwxuh jlyhq lq +8,1 Rq

wkh frqwudu|/ li wkh olplw elqgv dqg � A 3 wkh lqfxpehqw qhhgv wr uhdfk

wkh olplw ri wkh uhvhuyhg duhd wr euhdn0hyhq dw wkh h!flhqw sulfhv1 Li wkh

uhvhuyhg duhd lv ixuwkhu uhgxfhg wkh lqfxpehqw vkrxog lqfuhdvh +s6 � f6,

rxwvlgh wkh uhvhuyhg duhd lq rughu wr furvv0vxevlgl}h wkh XVR vhuylfhv xqghu

d xqlirup sulflqj uhjlph ryhu urxwhv1 Wklv looxvwudwhv wkh h{lvwhqfh ri d vruw

ri wudgh0r� ehwzhhq wkh wzr wdujhwv ri wkh uhjxodwlrq srolf|= wkh phdvxuhv

dlphg dw lqfuhdvlqj wkh ehqh�wv ri frpshwlwlyh hqwu| pljkw lpso| frqvxphuv*

vdful�fh lq wkh uhvhuyhg duhd dqg hyhq rxwvlgh lw1 Wklv srlqw fdq eh ixuwkhu

frpphqwhg xsrq dv iroorzv1 Iurp wkh hqyhorsh wkhruhp zh nqrz wkdw

CZ W

Cau
@ �W

zkhuh wkh dvwhulvn lqglfdwhv hydoxdwlrq dw wkh pd{lpxp ydoxh1 Wkhq wkh

pdujlqdo ydoxh ri au lv srvlwlyh1 Krz idu frxog wkh uhjxodwru jr lq lqfuhdv0

lqj2uhgxflqj auB Wr hydoxdwh wklv zh qhhg wr nqrz vlj
�
Y>W

Y	o

�
1 Lq rxu fdvh

wklv lv qrw lqghwhuplqdwh1 Vlqfh wkh remhfwlyh ixqfwlrq lv frqfdyh dqg wkh

frqvwudlqw lv olqhdu/ �W lv srvlwlyh dqg C�W@Cau A 3 zklfk lpsolhv Y2` W

Y	o2
? 31

Wkh srolf| ri lqfuhdvlqj2uhgxflqj wkh uhvhuyhg duhd lqfuhdvhv2uhgxfhv zho0

iduh dw d udwh wkdw lv ghfuhdvlqj zlwk au1 Wkhuh h{lvwv dq rswlpdo ydoxh ri au

zklfk lv frqwlqjhqw xsrq wkh fkrvhq sulfh vwuxfwxuh wkdw ghwhuplqhv Z W1

7 Wkh rswlpdo hqgrjhqrxv ghwhuplqdwlrq ri wkh

uhvhuyhg duhd zlwkrxw sulfh xqliruplw|

Grhv wkh devhqfh ri xqlirup sulflqj holplqdwh wkh wudgh0r� glvfxvvhg lq wkh

suhylrxv vhfwlrqB Xvlqj d vlpsoh shdn0ordg prgho ri srvwdo vhuylfhv prgl�hg

<



lq rughu wr dffrpprgdwh wkh glvwlqfwlrq dprqj vxevhwv ri vhuylfhv zh vkrz

wkdw lw grhv qrw1 Lq rwkhu zrugv hyhq li zh doorz iru vrph irup ri wdul�

yduldwlrq wkh suhylrxv uhvxow derxw hqgrjhqhlw| ri wkh rswlpdo uhvhuyhg duhd

uhpdlqv1 Krzhyhu/ wkh lqwurgxfwlrq ri pruh  h{leoh wdul� srvvlelolwlhv sur0

ylghv dq dowhuqdwlyh wr srvvleoh txdqwlw|2txdolw| uhgxfwlrq zkhq wkh srolf|

ri uhgxflqj wkh uhvhuyhg duhd lv sxuvxhg lq rughu wr hdv| hqwu| dqg lpsuryh

surgxfwlyh h!flhqf|1

Dvvxph d srvwdo lqfxpehqw rshudwhg lq q 5 Q shulrgv qrupdol}hg wr

^3> 4` dqg ryhu w5 W urxwhv qrupdol}hg wr ^3> 4` xvlqj k 5 K sodqwv qrupdol}hg

wr ^3> 4` dqg wkdw hdfk sodqw kdv lwv surgxfwlrq fdsdflw| ohyho1 Vxssrvh/ dv

deryh/ wkdw xqlw rshudwlqj frvwv f� MM duh frqvwdqw iru dq| {+d> w> k, r�huhg

lq dq| wlph shulrg +krxuv ri wkh gd|, ru iru dq| glvwdqfh2urxwh +flw| pdlo/

uhjlrqdo pdlo/ hwf1, zlwklq wkh olplw ri wkh k=wk fdsdflw| dqg wkdw ��M6 lv

wkh sxuh fdsdflw| frvw1 Zlwk uhvshfw wr wlph dqg urxwhv wkh fdsdflw| olplw

kdv gl�huhqw lqwhusuhwdwlrqv1 Zlwklq d vdph duhd +vd| d wrzq, fdsdflw|

vkrxog eh pdlqo| uhihuuhg wr wlph ri gholyhu| vlqfh sodqwv duh vxemhfw wr

gl�huhqw lqwhqvlw| ri xvh lq gl�huhqw prphqw ri wkh gd|1 Lq whupv ri urxwhv/

fdsdflw| vkrxog eh pdlqo| uhihuuhg wr wkh yroxphv ri rxwsxw fryhulqj vkruw

ru orqj glvwdqfhv1 D orqj glvwdqfh pdlo kdv dq kljkhu suredelolw| wr h{kdxvw

fdsdflw| vlqfh lw wudqvlwv iru pruh qhwzrun qrghv1 V|pero d kdv wkh vdph

phdqlqj dv lq suhylrxv vhfwlrqv1

Wkhq/;k 5 K dqg ;d/ zh gh�qh frvw dw fdsdflw| k dv

F� @ f�{+d> w> k, . ��T�

zkhuh T� lv fdsdflw| ri ohyho k1 Wrwdo frvw lv

WF �
[
|

[
�

F|� @
[
|

[
�

f�{+d> w> k, .
[
�

��T� ;d

Gh�qh [+d> w> k, @
S

� {+d> w> k, dv wkh txdqwlw| surgxfhg lq dq| shulrg

dqg2ru iru dq| glvwdqfh iru fdsdflw| k dqg vxssrvh wkh zloolqjqhvv wr sd|

wkdw txdqwlw| fkdqjhv zlwk w1 Wr vroyh d sureohp dqdorjrxv wr wkh suhylrxv

rqh zh phdvxuh frqvxphuv* vxusoxv lq whupv ri duhdv xqghu wkh ghpdqg

fxuyhv gh�qhg ryhu wkh wkuhh gl�huhqw vxevhwv ri XVR1 Wr vlpsoli| wklqjv

zh dvvxph }hur �{hg dqg wudqvdfwlrq frvwv1 Wkhq/ rswlpdo wdul� fdq eh

ghwhuplqhg e| vroylqj

Pd{ Z @

o[
@'f

�[
|'�

�[
�'�

^Y +{- +s6 +d> k, > w> k,,� f6 +d> w,{- +s6 +d> k, > w> k,`.

�[
@'on0

�[
|'�

�[
�'�

^Y +{L +s6 +d> k, > w> k> ss +d> w,, > |L +ss +d> w, > s6 +d, > w,,`.

43



�[
@'�n0

�[
|'�

�[
�'�

^Y +{� +s6 +d> w> k, > w> k> ss +d> w,, > |� +ss +d> w, > s6 +d> w> k, > w,,` .

�

�[
@'f

�[
|'�

�[
�'�

f�{+d> w> k,�

�[
@'f

6[
�'�

��T� �

�[
@'on0

�[
|'�

^fs|L +ss +d, > s6 +=, > d,`.

�

�[
@'�n0

�[
|'�

^fs|L +ss +d> w, > s6 +d> w> k, > d> w,` +:,

Wkh odvw irxu whupv lq +:, duh wkh frvw iru wkh lqfxpehqw +lqfoxglqj

fdsdflw| frvwv dvvxphg wr eh suhvhqw iru wkh doo vxevhwv ri vhuylfhv, dqg

srwhqwldo frpshwlwruv* frvwv1 Wkh odwwhu duh dvvxphg wr kdyh }hur fdsdflw|

frvwv1 Zhoiduh lv pd{lpl}hg vxemhfw wr[M

�'�
{+d> w> k, @ [� ;w ;d +;,

T� � {+d> w> k, � 3 ;w ;k ;d +<,

[� � 3 T� � 3 {+d> w> k, � 3 ;w ;k ;d +43,

I1r1f1 zlwk uhvshfw wr [� duh

s6+[�,� � @ 3 ;w ;d +44,

��� .
[A

|'�
�| @ 3 ;w ;d +45,

�f� . ��
[A

|'�
�| @ 3 ;d +46,

zkhuh � dqg � duh pxowlsolhuv1 E| vxevwlwxwlrq ri +46, lqwr +44, zh jhw

s|+[|, @ f� .
[A

|'�
�|

dqg xvlqj +45,=

s6+[�, @ f� . �� +47,

Htxdwlrq +47, kdv wr eh hydoxdwhg wdnlqj lqwr dffrxqw wkh iroorzlqj frp0

sohphqwdu| vodfnqhvv frqglwlrq=

�| � 3 ru �|+T� � {+d> w> k,, @ 3

Khqfh li �| @ 3/ wkhq T� A {+d> w> k, dqg s6+[�, @ f�> rq wkh frqwudu| li

�| A 3/ wkhq T� @ {+d> w> k, dqg s6+[�, @ f� . ��1

Wkhq/ zlwk lqghshqghqw ghpdqgv/ zh kdyh

�[
@'f

s6+[�, @

;AAAA?
AAAA=

�[
@'f

f� zlwk {+d> w> k, ? T�

�[
@'f

^f� . ��` zlwk {+d> w> k, @ T�

+48,

44



Wklv gh�qhv d sduwlfxodu yhuvlrq ri wkh wudglwlrqdo shdn0ordg sulfh uhvxow1 Wkh

lqwhusuhwdwlrq lv dqdorjrxv wr +6,1 Wkh sulfh srolf| lpsrvhg e| wkh suhv0

hqfh ri fdsdflw| olplwv vkrxog jxdudqwhh euhdn0hyhq iru wkh hqwluh vhw x exw

qrw qhfhvvdulo| iru hdfk vhuylfh dqg wkhuhiruh furvv0vxevlgl}dwlrq lv srvvleoh

dprqj vhuylfhv exw qrw dprqj glvwdqfhv1 Jlyhq wkh lqlwldo k|srwkhvlv wklv

lpsolhv wkdw/ iru h{dpsoh/ d ohwwhu vhqg wr d ghvwlqdwlrq lq wkh vdph wrzq uh0

txluhv d suh0sdlg wdul� zruwk f� uhjdugohvv ri/ vd|/ zhljkw ru wlph ri gholyhu|/

dqg wkdw wkh vdph ohwwhu vhqg wr d ghvwlqdwlrq lq wkh vdph uhjlrq uhtxluhv d

suh0sdlg wdul� zruwk f� . ��/ uhjdugohvv ri zhljkw ru wlph ri gholyhu|1 Wklv

doorzv wkh lqfxpehqw wr euhdn0hyhq zlwkrxw lpsrvlqj furvv0vxevlgl}dwlrq

dprqj urxwhv1 Wkh XVR reoljdwlrq lv wkhuhiruh vxvwdlqdeoh/ dowkrxjk lq d

uhgxfhg yhuvlrq +jlyhq devhqfh ri wdul� xqliruplw| ryhu gl�huhqw urxwhv,1

Gl�huhqwldwlrq iru u |lhogv/ diwhu uhfdvwlqj wkh uhvxowv gluhfwo| lq whupv

ri frqvxphuv*vxusoxv/
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zkhuh wkh wzr vxppdwlrqv rq wkh O1K1V1 kdyh frqwudvwlqj vljqv1 Wkh

i1r1f1 lv hydoxdwhg wdnlqj lqwr dffrxqw wkdw

�| A 3 zlwk
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�| @ 3 zlwk
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l
A 3

Zlwklq wkh olplw ri fdsdflw| iru dq| nlqg ri vhuylfh r�huhg zh kdyh �| @ 3

zklfk lpsolhv wkdw wkh U1K1V1 ri +49, lv htxdo wr }hur1 Wkhq/ wkh rswlpdo

ydoxh ri u lv hqgrjhqrxvo| ghwhuplqhg e| htxdwlqj frqvxphuv* vxusoxv ydul0

dwlrqv zlwk uhvshfw wr wkh txdqwlwlhv frqvxphg lq wkh wzr vxevdpsohv ri
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srvwdo vhuylfhv lqyroyhg +uhvhuyhg duhd dqg wkh uhpdlqlqj XVR vhuylfhv rxw0

vlgh wkh uhvhuyhg duhd, jlyhq wkh xqlirup wdul� iru dq| d1 Li/ rq wkh frqwudu|/

iru dq| d surgxfwlrq lv xqghuwdnhq h{dfwo| dw wkh olplw ri fdsdflw| lq wkh

zkroh x duhd/ �| A 3 dqg wkhuhiruh wkh U1K1V1 ri +49, lv srvlwlyh vlqfh wkh

vxppdwlrq lv srvlwlyh1 Wklv lpsolhv wkdw wkh gl�huhqfh ehwzhhq wkh �uvw

dqg wkh vhfrqg whup rq wkh O1K1V1 ri +49, pxvw eh srvlwlyh= wkh zhoiduh

jdlq lqgxfhg e| d fkdqjh lq u pruh wkdq frpshqvdwh wkh zhoiduh uhgxfwlrq

eurxjkw derxw e| wkh uhgxfwlrq ri wkh glphqvlrq ri x1 Rqfh djdlq wkh gh0

whuplqdwlrq ri h!flhqw u lv hqgrjhqrxv exw lq wklv fdvh lw ghshqgv rq wkh

vkdgrz sulfh ri fdsdflw|1 Wklv uhvxow lv qrw frxqwhulqwxlwlyh1 Zkhq/ iru dq|

d/ surgxfwlrq lv xqghuwdnhq dw wkh olplw ri fdsdflw|/ wkh hydoxdwlrq ri wkh

zhoiduh jdlq lqgxfhg e| wkh lqfuhdvh ri wkh udqjh ri vhuylfhv r�huhg vkrxog

wdnh lqwr dffrxqw wkh lqfuhdvh lq frvw dvvrfldwhg wr wkh qhz glphqvlrq ri fd0

sdflw| uhtxluhg1 Lqghhg/ �| A 3 lpsolhv wkdw �| @ f|.
[?

|'�
��|1 Khqfh/ dq|

lqfuhphqw +uhgxfwlrq, lq wrwdo txdqwlw| lqgxfhg e| wkh lqfuhdvh +ghfuhdvh, lq

wkh qxpehu ri wkh hohphqwv ehorqjlqj wr wkh vhw u eulqjv derxw dq lqfuhdvh

+ghfuhdvh, ri frvw htxdo wr f| .
[?

|'�
��|1

Lq vkruw/ wkh h�hfwv ri wkh lpsrvlwlrq ri dq h{rjhqrxv xsshu olplw wr

wkh uhvhuyhg duhd d�hfwv zhoiduh lq gl�huhqw zd|v dffruglqj wr zkhwkhu wkh

lqfxpehqw lv ru lv qru rshudwlqj dw wkh olplw ri khu fdsdflw|1 Lq wkh iruphu

fdvh wkh uhgxfwlrq ri wkh qhw vxusoxv dvvrfldwhg wr wkh lpsrvlwlrq ri wkh

xsshu olplw lpsolhv wkdw wkh uhgxfwlrq ri vxusoxv lq wkh duhd x pruh wkdq

frpshqvdwhv wkh jdlq rewdlqhg lq wkh uhvhuyhg duhd1 Wklv fdq eh vhhq dv

iroorzv1 Dvvxph djdlq dq xsshu olplw +u| � au|, � 3 lv lqwurgxfhg e| wkh

uhjxodwru1 I1r1f1 zlwk uhvshfw wr u| duh
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zkhuh �| lv wkh pxowlsolhu dvvrfldwhg wr +u| � au|, � 3 1 Wr vdwlvi| Vodwhu*v

frqvwudlqw txdol�fdwlrqv iru d vdggoh srlqw zlwk uhvshfw wr erwk {�|+d, dqg

u zh qhhg wr �qg= l, d ydoxh {f�|+d, A 3 vxfk wkdw
[

�
{f�| �[| @ 3 ;w ;d

dqg ll, d ydoxh uf| A 3 vxfk wkdw
�
uf| � au|

�
? 3 ;w1 Jlyhq wkh olqhdulw| ri

wkh frqvwudlqw iru u| wkh deryh ydoxh u
f
| fdq eh dvvxphg wr h{lvw1 Krzhyhu/[

�
{f�| �[| @ 3 lpsolhv �|+{

f
�|, A 3 zklfk lq wxuq lpsolhv s @ f . �� dw

ohdvw iru vrph w vlqfh
[

�
{f�|�[| @ 3 iru vrph w lpsolhv

[
�
{�|�[| A 3

iru vrph rwkhu w1 Wkhuhiruh/ iru vrph w/ h!flhqw sulflqj vkrxog ghshqg rq
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fdsdflw| frvwv hyhq zlwklq fdsdflw| olplwv1 Wklv phdqv wkdw hyhq wkh sulfhv

ri vrph vhuylfhv surylghg zlwklq fdsdflw| olplwv vkrxog lqfoxgh fdsdflw|

frvw lq rughu wr hqvxuh wrwdo euhdn0hyhq1 Pruhryhu/ d vshfl�f irup ri furvv0

vxevlgl}dwlrq rshudwhv= iru vrph w/ vhuylfhv surylghg zlwklq fdsdflw| olplwv

�qdqfh vhuylfhv surylghg rxwvlgh fdsdflw| olplwv1 Krzhyhu/ wklv lq wxuq

lpsolhv wkdw wkh deryh uf| qhfhvvdu| wr vdwlvi| Vodwhu*v frqglwlrqv zlwk uhvshfw

wr wkh uhvhuyhg duhd pljkw qrw h{lvw li wkh ydoxh ri au| lv qrw vx!flhqwo| odujh

lq uhodwlrq wr fdsdflw|1 Lq wklv fdvh wkh Odjudqjldq pljkw qrw dfklhyh d

plqlpxp lq wkh �| gluhfwlrq zklovw lw dfklhyhv d pd{lpxp lq wkh sulfh

gluhfwlrq1 Lq vkruw/ hlwkhu zh kdyh gl�huhqwldwhg +dv rssrvlwh wr xqlirup,

wdul�v/ zkdwhyhu wkh glphqvlrq ri wkh uhvhuyhg duhd/ wr doorz wkh lqfxpehqw

wr euhdn0hyhq ru zh pxvw kdyh d vx!flhqwo| odujh ydoxh ri u iru xqlirup +ryhu

urxwhv, wdul�1 Lq wkh iruphu fdvh zh dwwhqxdwh rqh ri wkh XVR uhtxluhphqwv

zklovw lq wkh odwwhu zh uhgxfh wkh srvvlelolw| ri dq hdv| hqwu|1 Lq dq| fdvh

wkh ydoxh ri u �{hg lq rughu wr hdv| hqwu| dqg lpsuryh surgxfwlyh h!flhqf|

vkrxog eh edvhg xsrq wkh fdsdflw| olplwv ri wkh lqfxpehqw1

8 Frqfoxvlrqv

Lq wklv sdshu zh kdyh glvfxvvhg vrph ri wkh lvvxhv vxuurxqglqj wkh fxuuhqw

ghedwh ryhu olehudol}dwlrq ri srvwdo vhuylfhv1 Zh hpsor|hg d zhoiduh pd{l0

pl}dwlrq prgho xqghu fhuwdlqw| wr dqdo|}h zkdw zh kdyh fdoohg d wudgh0r�

ehwzhhq/ rq wkh rqh kdqg/ wkh srwhqwldo jdlqv ghulylqj iurp wkh lpsrvlwlrq

ri dq h{rjhqrxv olplw wr wkh uhvhuyhg duhd 0 mxvwl�hg e| wkh ghvluh wr dwwudfw

qhz frpshwlwruv dqg vr wr lqfuhdvh surgxfwlyh h!flhqf| 0 dqg/ rq wkh rwkhu

kdqg/ wkh lqh!flhqf| frvwv lqgxfhg e| wkh deryh lpsrvlwlrq zkhq wklv sro0

lf| frq lfwv zlwk wkh pdlqwhqdqfh ri wkh reoljdwlrq iru wkh lqfxpehqw wr d

xqlirup wdul� srolf| iru wkh doo XVR vhuylfhv1 Wkh wudgh0r� ghulyhv iurp

wkh idfw wkdw wkh h{rjhqrxv olplw wr wkh uhvhuyhg duhd pljkw qrw eh frq0

vlvwhqw zlwk wkh qhhg wr doorz furvv0vxevlgl}dwlrq zlwklq wkh XVR duhd e|

phdqv ri wkh xqlirup wdul�1 Furvv0vxevlgl}dwlrq xqghu xqlirup wdul� uh0

txluhv wkh h{lvwhqfh ri d vx!flhqw qxpehu ri sur�wdeoh vhuylfhv lq rughu wr

jdlq d vx!flhqw yroxph ri uhyhqxhv iru vrph XVR vhuylfhv wr fryhu gh�flwv

uhdol}hg rq rwkhu XVR vhuylfhv1 Olplwlqj e| odz wkh udqjh ri sur�wdeoh

vhuylfhv uhvhuyhg wr wkh lqfxpehqw lv wkhuhiruh srwhqwldoo| lq frq lfw zlwk

wkh orjlf ri XVR xqghu xqlirup wdul� dqg edodqfhg exgjhw1 Pruhryhu/ zh

kdyh vkrzq wkdw wkh rswlpdo olplw wr wkh uhvhuyhg duhd lv frqwlqjhqw wr dq

rswlpdo wdul� srolf| hyhq lq wkh fdvh ri qrq xqlirup wdul� zkhq fdsdflw|

olplwv duh uhohydqw1 Lq vxfk d fdvh ghflvlrqv derxw wkh udqjh ri wkh vhuylfhv

wr eh lqfoxghg lqwr wkh uhvhuyhg duhd vkrxog wdnh lqwr dffrxqw hqwudqwv* frvwv

uhodwlyh wr wkh lqfxpehqw dv zhoo dv fdsdflw| olplwv iru dq| vhuylfh1 Zh kdyh

vkrzq wkdw xqghu uhdvrqdeoh dvvxpswlrqv derxw whfkqrorj|/ hqwudqwv* frvwv

dgydqwdjhv pljkw eh pruh wkdw r�vhw e| wudqvdfwlrq dqg2ru fdsdflw| frvwv1
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Krzhyhu/ wkh srvvlelolw| ri doorzlqj iru wdul� gl�huhqwldwlrq dprqj urxwhv

rq wkh edvlv ri fdsdflw| frvwv surylghv wkh uhjxodwru zlwk dq dowhuqdwlyh +ru

shukdsv frpsohphqwdu|, uhjlph wr wkh sureohp ri euhdn0hyhq zkhq wkh uh0

vhuyhg duhd lv wr eh uhgxfhg wr hdv| frpshwlwlyh hqwu| dqg wkh sureohp ri

ixqglqj wkh XVR hphujhv1 Zkhq jhqhudo ru vshfl�f +rq hqwudqwv, wd{hv duh

h{foxghg wkh rqo| uhjlph ohiw lv �Ixqglqj frpsohwho| iurp xqlirup sulflqj/

zlwk kljk0frvw duhdv vxevlgl}lqj orz0frvw duhdv dqg doo duhdv holjleoh wr pdnh

frqwulexwlrqv wr wkh �{hg frvw ri XVR� +Fuhz dqg Nohlqgruihq/ 5333= 4;,1

Wkh uhvxowv zh rewdlqhg lq wkh yduldqw ri wkh prgho zklfk lqfoxghv fdsdflw|

olplwv uhsuhvhqw d srvvleoh dowhuqdwlyh wr wklv/ rwkhuzlvh lqhoxgleoh/ uhjlph1

9 Uhihuhqfhv

41 K1 Fuhphu/ D1 Julpdxg dqg M1M1 Od�rqw/ +5333,/ �Wkh Frvw ri Xqlyhu0

vdo Vhuylfh lq wkh Srvwdo Vhfwru�/ lq P1 D1 Fuhz dqg S1 U1 Nohlqgruihu/

hgv1 +5333,1

51 P1 D1 Fuhz dqg S1 U1 Nohlqgruihu +4<<5,/ Wkh hfrqrplfv ri wkh srvwdo

vhuylfh/ Noxzhu Dfdghplf Sxeolvkhuv/ Ervwrq1

61 P1 D1 Fuhz dqg S1 U1 Nohlqgruihu +4<<;,/ �H!flhqw Hqwu|/ Prqrsro|/

dqg wkh Xqlyhuvdo Vhuylfh Reoljdwlrq lq Srvwdo Vhuylfh�/ Mrxuqdo ri

Uhjxodwru| Hfrqrplfv/ 4705/ ss1 43604581

71 P1 D1 Fuhz dqg S1 U1 Nohlqgruihu/ hgv1 +5333,/ Fxuuhqw Gluhfwlrqv lq

Srvwdo Uhirupv/ Noxzhu Dfdghplf Sxeolvkhuv/ Ervwrq1

81 P1 Nrolq dqg H1 M1 Vplwk/ +4<<<,/ �Pdlo Jrhv Zkhuh wkh Prqh| lv=

D Vwxg| ri Uxudo Pdlo Gholyhu| lq wkh Xqlwhg Vwdwhv� lq Hphujlqj

Frpshwlwlrq lq Srvwdo dqg Gholyhu| Vhuylfhv/ P1 D1 Fuhz dqg S1 U1

Nohlqgruihu/ +hgv1,/ Ervwrq/ Noxzhu Dfdghplf Sxeolvkhuv1

91 I1 Urguljxh}/ V1 Vplwk dqg G1 Vwruhu/ +4<<<,/ �Hvwlpdwlqj wkh Frvw ri

wkh Xqlyhuvdo Vhuylfh Reoljdwlrq�/ lq Hphujlqj Frpshwlwlrq lq Srvwdo

dqg Gholyhu| Vhuylfhv/ P1 D1 Fuhz dqg S1 U1 Nohlqgruihu/ +hgv1,/

Ervwrq/ Noxzhu Dfdghplf Sxeolvkhuv1
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