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Dg Ydoruhp dqg Shu Xqlw Wd{dwlrq lq dq

Roljrsro| Prgho

Olvd Jud}}lqlW

Dsulo 5334

Devwudfw

Wklv sdshu frpsduhv wkh zhoiduh h�hfwv ri dg ydoruhp dqg shu xqlw

frpprglw| wd{dwlrq/ lq d prgho ri roljrsrolvwlf lqwhudfwlrq1 Rxu pdlq

uhvxow lv wkdw/ zkhq wkh qxpehu ri frqvxphuv lv vx!flhqwo| kljk/ shu xqlw

wd{hv zhoiduh grplqdwh dg ydoruhp wd{hv1

Nh|zrugv= Lpshuihfw frpshwlwlrq/ Vwudwhjlf pdunhw jdph/ Frpprglw|

Wd{dwlrq1

MHO Fodvvl�fdwlrq= K55/ O46/ F:5/ G841

WFRUH/ Xqlyhuvlwì Fdwkroltxh gh Orxydlq/ Ehojlxp dqg Glsduwlphqwr gl Vflhq}h hfr0

qrplfkh/ Xqlyhuvlwã gl Iluhq}h/ Lwdo|1 H0pdlo= jud}}lqlCffh1xql�1lw1

L dp ghhso| judwhixo wr Mhdq M1 Jdev}hzlf}/ Pdxulfh Pdufkdqg dqg Slhuuh Shvwlhdx iru wkhlu

khosixo frpphqwv dqg vxjjhvwlrqv1

Wkh dxwkru judwhixoo| dfnqrzohgjhv d Hxurshdq Frpplvvlrq Wudgh dqg Prelolw| ihoorzvkls

Qr HUEIPELFW<:4<691
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4 Lqwurgxfwlrq

Wkh pdlq sxusrvh ri wd{dwlrq lv wr froohfw uhvrxufhv wr �qdqfh d jlyhq sxeolf
exgjhw uhtxluhphqw1 Zkhq oxps0vxp wd{hv duh qrw dydlodeoh/ frpprglw| wd{hv
kdyh wr eh fkrvhq rswlpdoo| lq rughu wr plqlpl}h wkh zhoiduh orvv gxh wr wkh
glvwruwlrqv iroorzlqj wkhlu lqwurgxfwlrq1 Rqh zd| wr sxuvxh wklv dlp frqvlvwv
lq frpsdulqj wkh zhoiduh surshuwlhv ri gl�huhqw w|shv ri frpprglwlhv wd{hv/
dqg dffruglqjo| vhohfwlqj wkh rqh plqlpl}lqj wkh glvwruwlrqv lqwurgxfhg1 Lq
lpshuihfwo| frpshwlwlyh hfrqrplhv/ wklv zhoiduh frpsdulvrq ehwzhhq gl�huhqw
wd{ lqvwuxphqwv ehfrphv sduwlfxoduo| xujhqw vlqfh wkh glvwruwlrqv fdxvhg e|
�vfdo phfkdqlvpv duh dgghg wr rwkhu glvwruwlrqv gxh wr wkh vwudwhjlf ehkdylrxu
ri djhqwv14

Lq wkh sxeolf �qdqfh olwhudwxuh/ wkh zhoiduh frpsdulvrq ehwzhhq wzr sduwlf0
xodu w|shv ri wd{ v|vwhpv/ qdpho| dg ydoruhp dqg shu xqlw wd{hv/ lv dw wkh edvlv
ri d orqj wudglwlrq/ dqg vhyhudo frqwulexwlrqv vkrz wkh vxshulrulw| ri dg ydoruhp
ryhu shu xqlw wd{dwlrq zkhq �upv ehkdyh vwudwhjlfdoo|15 Lq wklv uhvshfw/ dovr
wkh suhvhqw sdshu dlpv dw frpsdulqj wkh zhoiduh surshuwlhv ri dg ydoruhp dqg
shu xqlw wd{hv zkhq vrph djhqwv 0 wkh �upv 0 ehkdyh vwudwhjlfdoo| zkloh rwkhuv 0
wkh frqvxphuv 0 ehkdyh frpshwlwlyho|1 Krzhyhu/ zh surylgh d frxqwhu0h{dpsoh
zklfk vkrzv wkdw shu xqlw wd{dwlrq pd| zhoiduh grplqdwh dg ydoruhp wd{dwlrq1
Lq rxu vhw0xs/ d vkliw iurp dq dg ydoruhp wd{ wr d shu xqlw wd{ zklfk udlvhv
dq htxdo dprxqw ri wd{ uhyhqxh/ ohdgv wr d juhdwhu djjuhjdwh zhoiduh/ zkhq wkh
qxpehu ri frqvxphuv lv vx!flhqwo| kljk zlwk uhvshfw wr wkh qxpehu ri �upv1

Rxu dqdo|vlv xvhv d vwudwhjlf pdunhw jdph irupxodwlrq/ �uvwo| ghyhorshg wr
ghvfuleh wkh vwudwhjlf ehkdylrxu ri djhqwv lq wkh fdvh ri h{fkdqjh hfrqrplhv
+Vkdsoh| +4<:9,/ Vkdsoh| dqg Vkxeln +4<::,,1 Iroorzlqj wklv olqh ri uhvhdufk/
zh frqvlghu wkh roljrsro| prgho sursrvhg e| Jdev}hzlf} dqg Plfkho +4<<:,
zklfk doorzv wr vwxg| vwudwhjlf ehkdylrxu zlwklq d surgxfwlyh hfrqrp| fdvw
lqwr d jhqhudo htxloleulxp frqwh{w1 Pruh vshfl�fdoo|/ wklv pdunhw jdph fdq eh
ylhzhg dv dq h{whqvlrq ri wkh Frxuqrw roljrsro| prgho/ lq zklfk wkh pdunhw lv
frpsrvhg ri wzr jrrgv dqg wzr jurxsv ri djhqwv16 Wkh �uvw jurxs ri djhqwv lv
pdgh ri frqvxphuv zkr vkduh d frpshwlwlyh ehkdylrxu rq wkh h{fkdqjh pdunhw/
dqg lqlwldoo| rzq rqo| wkh �uvw jrrg1 Wkh vhfrqg jurxs lv frpsrvhg ri djhqwv
zkr gr qrw rzq lqlwldoo| dq| jrrg/ exw rzq d olqhdu whfkqrorj| wudqviruplqj wkh
�uvw jrrg lqwr d vhfrqg rqh1 Ixuwkhupruh/ wkhvh djhqwv ehkdyh qrqfrpshwlwlyho|
zkhq wkh| vhoo wkh vhfrqg jrrg/ dqg xvh txdqwlwlhv dv vwudwhjlhv lq rughu wr
pdqlsxodwh wkh h{fkdqjh udwh ehwzhhq wkh wzr frpprglwlhv1 Ilqdoo|/ doo djhqwv
zrxog olnh wr frqvxph erwk jrrgv1 Lq wklv frqwh{w/ zh dqdo|vh wkh zhoiduh

4Qrwlfh wkdw/ zlwk lpshuihfw frpshwlwlrq/ wd{dwlrq fdq dovr vhuyh wkh sxusrvh ri fruuhfwlqj

wkh glvwruwlrqv jhqhudwhg e| wkh pdunhw phfkdqlvp/ olnh lq Jxhvqhulh dqg Od�rqw +4<:;,/
P|ohv +4<;<, dqg Jdev}hzlf} dqg Jud}}lql +4<<<,1

5Vhh Nhhq +4<<;, iru d vxuyh| rq wklv wrslf1
6 Lq wkh fdvh ri dq h{fkdqjh hfrqrp|/ vhh Jdev}hzlf} dqg Plfkho +4<<:, iru d jhqhudo

gh�qlwlrq ri dq roljrsro| htxloleulxp zklfk dovr fryhuv d vlwxdwlrq ri pxowlodwhudo roljrsro|
zlwk dq duelwudu| qxpehu ri jrrgv1
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h�hfwv ri frpprglw| wd{hv ohylhg rq wkh jrrg surgxfhg e| vwudwhjlf djhqwv1
Pruh suhflvho|/ zh frpsduh wkh gl�huhqw lpsdfw ri dg ydoruhp dqg shu xqlw
wd{hv/ zkhq d jlyhq sxeolf uhyhqxh kdv wr eh froohfwhg1 Wkh txhvwlrq zh udlvh lv
zkhwkhu wkh djjuhjdwh zhoiduh jlyhq e| wkh vxp ri wkh xwlolw| ohyhov ri frqvxphuv
dqg roljrsrolvwv lv juhdwhu xqghu dg ydoruhp ru shu xqlw wd{dwlrq1

Wkh zhoiduh frpsdulvrq ehwzhhq dg ydoruhp dqg shu xqlw wd{hv kdv ehhq
h{whqvlyho| vwxglhg lq wkh sxeolf �qdqfh olwhudwxuh17 Xqghu shuihfw frpshwlwlrq/
shu xqlw dqg dg ydoruhp wd{hv zklfk ohy| htxdo uhyhqxh dovr uhvxow lq htxdo
sulfh/ dqg wkxv wkh| duh htxlydohqw +Vxlwv dqg Pxvjudyh +4<86, dqg Elvkrs
+4<9;,,1 Rq wkh frqwudu|/ xqghu lpshuihfw frpshwlwlrq/ wkh vxshulrulw| ri dg
ydoruhp ryhu shu xqlw wd{dwlrq lv xvxdoo| hvwdeolvkhg1 Lq wkh prqrsro| fdvh/
Vxlwv dqg Pxvjudyh +4<86, vkrz wkdw/ li wkh vdph |lhog lv rewdlqhg iurp d shu
xqlw dqg dq dg ydoruhp wd{/ wkh �qdo sulfh zloo eh kljkhu +wkh rxwsxw vpdoohu,
xqghu wkh shu xqlw wd{1 Ixuwkhupruh/ Vnhdwk dqg Wudqgho +4<<7, vkrz dq hyhq
vwurqjhu uhvxow/ qdpho| wkdw lw lv srvvleoh wr vkliw iurp dq| jlyhq shu xqlw wd{
wr d vxlwhg dg ydoruhp wd{ vxfk wkdw/ dw htxloleulxp/ sur�w/ frqvxphu vxusoxv/
dqg wd{ uhyhqxh duh hdfk juhdwhu xqghu dg ydoruhp wd{dwlrq wkdq wkh| zrxog
eh xqghu shu xqlw wd{dwlrq1

Wkh grplqdqfh ri dg ydoruhp ryhu shu xqlw wd{dwlrq kdv ehhq h{whqghg wr
wkh roljrsro| fdvh rqo| uhfhqwo| e| Gholsdood dqg Nhhq +4<<5, iru wkh fdvh ri
v|pphwulf Frxuqrw roljrsro|/ zlwk erwk d �{hg qxpehu ri �upv dqg hqwu|/
dqg Ghqlfroõ dqg Pdwwhx}}l +5333, iru wkh dv|pphwulf fdvh18 Pruh suhflvho|/
Ghqlfroõ dqg Pdwwhx}}l +5333, vkrz wkdw/ zlwk frqvwdqw exw dv|pphwulf pdu0
jlqdo frvwv/ li wkh wd{ udwhv duh vx!flhqwo| kljk/ dg ydoruhp wd{dwlrq ohdgv wr
juhdwhu wd{ uhyhqxh/ frqvxphu vxusoxv dqg lqgxvwu| sur�wv wkdq shu xqlw wd{0
dwlrq1 Wkh vxshulrulw| ri dg ydoruhp ryhu shu xqlw wd{dwlrq lv dovr rewdlqhg
e| Gholsdood dqg Nhhq +4<<5,/ exw zlwklq d jhqhudo htxloleulxp prgho1 Wkh|
dqdo|vh wkh rswlpdo frpelqdwlrq ri dg ydoruhp dqg shu xqlw wd{hv/ dqg vkrz
wkdw wkh rswlpdo shu xqlw wd{ lv }hur/ vr wkdw dq| sxeolf uhyhqxh qhhghg uhtxluhv
pd{lpxp uholdqfh rq dg ydoruhp wd{dwlrq19 Lq wklv uhvshfw/ rxu frqwulexwlrq
dlpv dw surylglqj d frxqwhu0h{dpsoh zklfk vkrzv wkdw d shu xqlw wd{ pd| zho0
iduh grplqdwh dq dg ydoruhp wd{1 Rxu uhvxow lv rewdlqhg zlwklq d sduwlfxodu
h{dpsoh/ dqg wkh gl�huhqw fkdudfwhul}dwlrqv xvhg wr prgho lpshuihfw frpshwl0
wlrq vkrxog eh hpskdvl}hg1 Iluvwo|/ hyhq li dovr Gholsdood dqg Nhhq +4<<5, xvh
d jhqhudo htxloleulxp iudphzrun/ wkhlu dqdo|vlv lv fdvw lqwr d prgho lqvsluhg

7Qrwzlwkvwdqglqj wklv lvvxh lv rqh ri wkh roghvw lq wkh sxeolf �qdqfh olwhudwxuh/ lw frqwlqxhv
wr eh qrzdgd| iru lwv srolf| lpsolfdwlrqv1 Iru h{dpsoh/ vhh Gholsdood dqg Nhhq +4<<5, dqg
Nhhq +4<<;, iru glvfxvvlrqv rq wkh lpsruwdqfh ri wklv wrslf lq wkh Hxurshdq Xqlrq/ hvshfldoo|
zlwk uhvshfw wr wkh lqgxvwulhv ri wredffr dqg dofrkrolfv1

8 Lq wkh fdvh ri d sulfh0vhwwlqj roljrsro|/ Frodqjhor dqg Jdopdulql +4<<:, vkrz wkdw surgxfw
gl�huhqwldwlrq pd| sod| d fuxfldo uroh rq wkh Sduhwr udqnlqj ri frpprglw| wd{hv1 Iru h{dpsoh/
wkh| vkrz wkdw d orz ghjuhh ri surgxfw gl�huhqwldwlrq pd| suhyhqw dg ydoruhp wd{dwlrq iurp
Sduhwr grplqdwlqj shu xqlw wd{dwlrq1

9P|ohv +4<<9, vwxglhv krz wkh vlpxowdqhrxv xvh ri erwk dg ydoruhp dqg shu xqlw wd{hv fdq
holplqdwh wkh zhoiduh orvv gxh wr lpshuihfw frpshwlwlrq1
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iurp Jdev}hzlf} dqg Yldo +4<:5,/ zklfk frqvwlwxwhv d pxfk pruh jhqhudo vhw0
xs wkdq wkh rqh frqvlghuhg khuh1 Wklv prgho lqyroyhv d surgxfwlyh vhfwru zlwk
�upv ehkdylqj qrqfrpshwlwlyho| zkloh frqvxphuv duh sulfh0wdnhuv1 Vhfrqgo|/
lq rughu wr shuirup wkh zhoiduh frpsdulvrq ehwzhhq dg ydoruhp dqg shu xqlw
wd{hv/ wkh| dvvxph wkdw d vlqjoh uhsuhvhqwdwlyh frqvxphu lv wkh vroh rzqhu ri
doo �upv lq wkh qrqfrpshwlwlyh lqgxvwu|1 Wkxv/ wkh| vkrz wkdw d frq lfw ri lq0
whuhvwv dulvhv vlqfh wkh uhsuhvhqwdwlyh djhqw suhihuv dg ydoruhp wd{hv lq klv uroh
ri frqvxphu/ dqg shu xqlw wd{hv lq klv uroh ri �upv* rzqhu1 Rq wkh frqwudu|/ lq
rxu prgho/ wkh vwudwhjlf djhqwv duh vlpxowdqhrxvo| surgxfhuv dqg frqvxphuv ri
wkh wd{hg jrrg dqg suhihu shu xqlw wd{hv/ zkloh wkh frpshwlwlyh djhqwv/ zkr duh
rqo| frqvxphuv/ duh lq idyru ri dg ydoruhp wd{hv1 Dffruglqjo|/ wkh frq lfw ri
lqwhuhvwv dulvhv ehwzhhq wkhvh wzr jurxsv ri djhqwv1 Ilqdoo|/ wkhlu sdshu gl�huv
iurp rxuv zlwk uhvshfw wr wkh edvlv ri frpsdulvrq xvhg wr frpsduh dg ydoruhp
dqg shu xqlw wd{hv1 Pruh suhflvho|/ wkh| frqvlghu d wd{ fkdqjh wkdw/ zkloh qrw
ixoo| uhyhqxh0qhxwudo/ ohdyhv wrwdo wd{ sd|phqwv dw wkh lqlwldo htxloleulxp sulfh
xqfkdqjhg1 Gl�huhqwo|/ dv d edvlv ri frpsdulvrq/ zh xvh dg ydoruhp dqg shu
xqlw wd{hv zklfk jhqhudwh wkh vdph wd{ uhyhqxh/ l1h1 duh uhyhqxh0qhxwudo +Vxlwv
dqg Pxvjudyh +4<86,,1

Wkh qh{w vhfwlrq surylghv wkh prgho ri krprjhqhrxv roljrsro| zlwk dg ydo0
ruhp dqg shu xqlw wd{hv/ dqg vhfwlrq 6 surylghv d zhoiduh frpsdulvrq ehwzhhq
wkh wzr irupv ri wd{dwlrq1 Vhfwlrq 7 frqwdlqv d vkruw frqfoxvlrq1

5 Wkh prgho

Frqvlghu d surgxfwlyh hfrqrp| zlwk wzr jrrgv/ 4 dqg 5/ dqg lqfoxglqj q.p

djhqwv/ idoolqj lqwr wzr w|shv1: Djhqwv l/ l @ 4> ===> q/ 0wkh frqvxphuv0 ehkdyh
frpshwlwlyho| rq wkh pdunhw dqg wkhlu lqlwldo hqgrzphqw frqvlvwv rqo| ri jrrg
41 Djhqwv m/ m @ 4> ===>p/ 0wkh roljrsrolvwv0 gr qrw rzq lqlwldoo| dq| jrrg/ exw
rzq hdfk d olqhdu whfkqrorj| doorzlqj wr surgxfh jrrg 5 xvlqj jrrg 4 dv lqsxw1
Pruh suhflvho|/ frqvlghu wkh iroorzlqj hfrqrp|1 Doo djhqwv kdyh wkh vdph xwlolw|
ixqfwlrq X gh�qhg e|

X+{4> {5, @ {4{5=

Lqlwldo hqgrzphqwv duh gh�qhg e|

dl @ +
4

q
> 3,> l @ 4> ===> q +4,

dqg
dm @ +3> 3,> m @ 4> ===>p= +5,

Ixuwkhupruh/ djhqwv ri w|sh 5 rzq d olqhdu whfkqrorj|/ gh�qhg e|

|m @
4

�m

}m > �m A 3 +6,

:Wklv prgho ri krprjhqhrxv roljrsro| kdv ehhq sursrvhg e| Jdev}hzlf} dqg Plfkho
+4<<:,1
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zkhuh |m ghqrwhv wkh dprxqw ri jrrg 5/ zklfk fdq eh surgxfhg rxw ri dq
dprxqw }m ri jrrg 41 Pruh vshfl�fdoo|/ qrwlfh wkdw djhqwv ri w|sh 5 kdyh wr
wdnh wzr glvwlqfw ghflvlrqv1 Iluvwo|/ wkh| kdyh wr ghflgh krz pxfk ri jrrg 5 wr
surgxfh/ zklfk dovr ghwhuplqhv yld +6, wkh dprxqw }m ri jrrg 4 wr ex| iurp
djhqwv ri w|sh 41 Vhfrqgo|/ wkh| kdyh wr fkrrvh zklfk vkduh tm ri wkh dprxqw |m
surgxfhg ri jrrg 5 wr vhqg wr wkh pdunhw iru wudgh +dqg wkh uhvxowlqj dprxqw
|m � tm wr nhhs iru sulydwh frqvxpswlrq,1 Fohduo| wkh htxloleulxp h{fkdqjh udwh
ehwzhhq jrrg 4 dqg jrrg 5 ghshqgv rq wkh dprxqw tm ri jrrg 5 vhqw e| hdfk
roljrsrolvw m wr wkh pdunhw1 Wklv dprxqw lq xhqfhv wkh wrwdo vxsso|

Sp

n@4 tn ri
jrrg 5/ frpsduhg zlwk wkh �{hg wrwdo vxsso|

Sq

n@4 d
4

n ri jrrg 41 Frqvhtxhqwo|/
hdfk roljrsrolvw m fdq lqglylgxdoo| pdqlsxodwh wkh h{fkdqjh udwh e| fkrrvlqj
wkh vkduh tm 1 Wklv jlyhv ulvh wr d jdph zkrvh sod|huv duh wkh roljrsrolvwv/ zlwk
vwudwhjlhv iru roljrsrolvwv m/ m @ 4> ===>p/ gh�qhg e| sdluv +tm > |m, zlwk tm � |m 1

Qrz frqvlghu wkdw d frpprglw| wd{ lv ohylhg rq jrrg 51 Wzr irupv ri
frpprglw| wd{dwlrq zloo eh frqvlghuhg/ qdpho|/ dg ydoruhp dqg shu xqlw wd{hv1
Lq wkh iruphu w|sh/ wkh wd{ lv sursruwlrqdo wr wkh sulfh ri wkh jrrg vrog dqg
wkxv lw lv d wd{ rq wkh ydoxh ri vdohv> lq wkh odwwhu/ wkh wd{ lv d �{hg dprxqw
ohylhg rq hdfk xqlw ri wkh jrrg vrog dqg frqvhtxhqwo|/ lw lv d wd{ rq wkh yroxph

ri vdohv1;

Ohw w ghqrwh dq dg ydoruhp wd{/ 3 ? w ? 4/ dqg � d shu xqlw wd{/ 3 ? � ? 4

�m
/

ohylhg rq jrrg 51< Lq wkh fdvh ri dq dg ydoruhp wd{ w/ wkh surgxfhu sulfh iru
jrrg 5 rewdlqv dv S 5 @ s5+4 � w,/ zkhuh s5 lv wkh frqvxphu sulfh iru jrrg
51 Frqvhtxhqwo|/ wkh wrwdo surgxfw ri wkh wd{ lv jlyhq e| Uw @ ws5

Sp

n@4 tn1
Li/ lq frqwudvw/ d shu xqlw wd{ � lv lpsrvhg/ wkh surgxfhu sulfh lv gh�qhg e|
S 5 @ s5� � / dqg dffruglqjo| wkh wrwdo wd{ surgxfw rewdlqv dv U� @ �

Sp

n@4 tn1
Jlyhq d sulfh yhfwru +s4> s5,/ d frpshwlwlyh djhqw l/ l @ 4> ===> q/ vroyhv wkh

sureohp
pd{
{4>{5

{4{5 v=w=

{4 . s{5 � 4

q
>

jlylqj ulvh wr lqglylgxdo ghpdqg

{l+s, @

�
4

5q
>
4

5qs

�
> l @ 4> ===> q +7,

zkhuh s @ s5

s4
/ dqg wrwdo ghpdqg iru jrrg 5 htxdov wr 4

5s
1 Wkxv/ wkh lqgluhfw

;Qrwlfh wkdw lq prgholqj dq dg ydoruhp wd{/ vrph dxwkruv suhihu wr gh�qh lw dv d shufhqwdjh
ri frqvxphu sulfh +Vxlwv dqg Pxvjudyh +4<86,/ Gholsdood dqg Nhhq +4<<5,, zkloh rwkhuv suhihu
wr vshfli| lw dv d shufhqwdjh ri surgxfhu sulfh +Vnhdwk dqg Wudqgho +4<<7,/ Frodqjhor dqg
Jdopdulql +4<<:,,1 Lq wkh iroorzlqj/ zh zloo xvh wkh iruphu irupxodwlrq exw rxu uhvxowv uhpdlq
ydolg vkrxog zh vzlwfk wr wkh odwwhu rqh1

< Lq wklv prgho/ wd{hv duh h{suhvvhg lq uhdo whupv/ dqg vlqfh wkh pd{lpxp dprxqw ri jrrg
5 zklfk fdq eh surgxfhg rxw ri jrrg 4 lv �*k� yld wkh olqhdu whfkqrorj| lq +6,/ zh dvvxph
wkdw � 	 �*k� 1
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xwlolw| ixqfwlrq V ri frqvxphuv rewdlqv dv

V+s, @

�
4

5q

��
4

5qs

�
= +8,

Qrz zh surfhhg wr wkh gh�qlwlrq ri wkh sd|r�v ri wkh jdph dprqj wkh roljrsrolvwv1
Wr wklv hqg/ dvvxph wkdw surgxfhu m kdv vhohfwhg wkh vwudwhj| +tm > |m,/ m @
4> ===>p1 Dw d sulfh yhfwru s/ wkh sur�w ri roljrsrolvw m rewdlqv dv

s+4� w,tm � }m >

lq wkh fdvh ri dg ydoruhp wd{dwlrq/ dqg dv

+s� �,tm � }m >

lq wkh fdvh ri shu xqlw wd{dwlrq1 Zlwk wklv sur�w/ kh fdq ex| dq dprxqw ri jrrg
4 htxdo wr s+4�w,tm��m|m / lq wkh fdvh ri dq dg ydoruhp wd{ dqg +s��,tm��m|m /
lq wkh fdvh ri d shu xqlw wd{/ |lhoglqj uhvxowlqj xwlolw| sd|r�v

+s+4� w,tm � �m|m, +|m � tm,> +9,

dqg
++s� �,tm � �m|m, +|m � tm,> +:,

uhvshfwlyho|1 Jlyhq wkhvh vwudwhjlhv +tm > |m,/ m @ 4> ===>p/ wkh ydoxh ri s dw zklfk
vxsso| htxdov ghpdqg rq pdunhw iru jrrg 5 lv jlyhq e|

p[
n@4

tn @
4

5s
>

ru

s @
4

5
Sp

n@4 tn
= +;,

E| vxevwlwxwlqj wklv htxloleulxp h{fkdqjh udwh lq wkh xwlolw| sd|r�v +9, dqg +:,/
zh �qdoo| rewdlq wkh sd|r�v ri wkh jdph/ qdpho|

Y +tm > |m, @

�
4� w

5
Sp

n@4 tn
tm � �m|m

�
+|m � tm,> m @ 4> ===>p> +<,

lq wkh fdvh ri dg ydoruhp wd{dwlrq/ dqg

Y +tm > |m, @

��
4

5
Sp

n@4 tn
� �

�
tm � �m|m

�
+|m � tm,> m @ 4> ===>p> +43,

lq wkh fdvh ri shu xqlw wd{dwlrq1 Dw dq roljrsro| htxloleulxp/ Y pxvw eh pd{lpdo
zlwk uhvshfw wr tm dqg |m / jlyhq wkh vwudwhjlhv +tn> |n, fkrvhq e| wkh roljrsrolvwv
n/ n 9@ m/ dqg wklv pxvw eh vdwlv�hg iru doo m/ m @ 4> ===>p1 Wkh rswlpdolw|
frqglwlrqv zlwk uhvshfw wr tm dqg |m jlyh

4

|m � tm
@

4�w
5T � � �

+4�w,tm
5T5�

4�w
5T � �

�
tm � �m|m

@
�m�

4�w
5T � �

�
tm � �m|m

> +44,

9



zlwk T @
Sp

n@4 tn/ dqg zkhuh 3 ? w ? 4 dqg � @ 3/ lq wkh fdvh ri zkroo|
dg ydoruhp wd{dwlrq/ zkloh � A 3 dqg w @ 3/ lq wkh fdvh ri zkroo| shu xqlw
wd{dwlrq1 Iurp wkh vhfrqg htxdolw| ri wkh deryh htxdwlrq/ zh rewdlq wkdw iru
doo m/ m @ 4> ===>p/ wkh htxdolw|

4�
tm

T
@ 5

�m . �

4� w
T> m @ 4> ===>p= +45,

pxvw krog dw htxloleulxp1 Vxpplqj xs htxdwlrqv +45,/ zh jhw/ dw htxloleulxp/
zlwk � @

ghi

4
p

Sp

m@4 �m /

T�k @
+p� 4,+4� w,

5p+�. �,
> k @ w> � > +46,

dqg

s�k @
p+�. �,

+p� 4,+4� w,
> k @ w> � > +47,

zkhuh wkh vxevfulsw k/ k @ w> � / ghqrwhv khuhdiwhu d yduldeoh rewdlqhg xqghu dg
ydoruhp ru shu xqlw wd{dwlrq1 Dffruglqjo|/ wrwdo wd{ uhyhqxh lv htxdo wr

U�w @ ws�wT
�

w @
4

5
w> +48,

xqghu dg ydoruhp wd{dwlrq/ dqg

U�� @ �T�� @
+p� 4,�

5p+�. �,
> +49,

xqghu shu xqlw wd{dwlrq1 Qrwlfh wkdw lq +48, wrwdo wd{ uhyhqxh xqghu dg ydoruhp
wd{dwlrq grhv qrw ghshqg rq wkh qxpehu p ri �upv zklfk srwhqwldoo| fdq eh
dfwlyh dw htxloleulxp zkloh lq +49, wrwdo wd{ uhyhqxh zlwk d shu xqlw wd{ ghshqgv
rq p1 Ixuwkhupruh/ xvlqj +45, dqg +46,/ zh rewdlq

t�mk @
p�. � � +p� 4,�m

5p5+�. �,5
+p� 4,+4� w,> k @ w> � > m @ 4> ===>p> +4:,

dqg

|�mk @
+p�. �,5 � +p� 4,5�5m

7p5�m+�. �,5
+4� w,> k @ w> � > m @ 4> ===>p= +4;,

Qrwlfh wkdw wkh roljrsro| htxloleulxp kdv p �dfwlyh� �upv li/ dqg rqo| li/ ;m/
m @ 4> ===>p/

�m ?
p�. �

p� 4
= +4<,

Iluvw zh qrwlfh wkdw/ li doo �upv duh lghqwlfdo/ l1h1 �m @ �/ wkh p �upv duh dfwlyh
dw wkh roljrsro| htxloleulxp/ erwk xqghu dg ydoruhp dqg shu xqlw wd{dwlrq1 Rq
wkh rwkhu kdqg/ zkhq wkh dyhudjh frvwv �m duh qrw htxdo/ wkh �vxuylydo frqglwlrq�

:



+4<, grhv qrw qhfhvvdulo| krog iru doo �upv m dw wkh roljrsro| htxloleulxp zlwk p

�upv1 Li wklv lv wkh fdvh/ wkhq wkrvh �upv iru zklfk dyhudjh frvw �m h{fhhgv
p�.�
p�4

kdyh wr ohdyh wkh pdunhw/ dqg wkh uhvxowlqj +hqgrjhqrxv, qxpehu ri dfwlyh �upv
dw wkh roljrsro| htxloleulxp zloo eh orzhu wkdq p143 Ixuwkhupruh/ zh qrwlfh
wkdw/ xqghu dg ydoruhp wd{dwlrq/ wkh vxuylydo frqglwlrq +4<, lv wkh vdph dv lq
wkh fdvh zlwkrxw wd{dwlrq= wkh qxpehu ri dfwlyh �upv lq wkh lqgxvwu| grhv qrw
ghshqg rq wkh dg ydoruhp wd{1 Zlwk uhvshfw wr wkh qr0wd{ iudphzrun/ wkh h�hfw
ri dq dg ydoruhp wd{ lv vlpso| wkdw ri uhgxflqj sursruwlrqdoo| doo wkh yduldeohv
ri wkh prgho +vhh +46,/ +47,/ +48, dqg +49,,/ wkxv ohdylqj xqfkdqjhg wkh qxpehu
ri dfwlyh �upv1 Frqvhtxhqwo|/ dg ydoruhp wd{dwlrq kdv wkh ghvludeoh surshuw| ri
qhxwudolw| zlwk uhvshfw wr wkh qxpehu ri �upv rshudwlqj lq wkh pdunhw/ qdpho|
lw grhv qrw glvwruw wkh qxpehu ri dfwlyh �upv1 Rq wkh frqwudu|/ lqwurgxflqj d
shu xqlw wd{ srwhqwldoo| doorzv ohvv h!flhqw �upv wr hqwhu lqwr wkh pdunhw/ l1h1
�upv m/ m @ 4> ===>p/ iru zklfk p�

p�4
? �m ?

p�.�
p�4

1

Lq rughu wr frpsduh wkh h�hfwv ri dg ydoruhp dqg shu xqlw wd{dwlrq/ zh
frqvlghu �uvwo| wkh frpsdudwlyh vwdwlfv ri hdfk wd{ lqvwuxphqw1 Iurp htxdwlrq
+47,/ d shu xqlw wd{ � d�hfwv sulfhv dv

Cs��
C�

@
p

p� 4
A 3> +53,

dqg dq dg ydoruhp wd{ w/ dv

Cs�w
Cw

@
p�

+4� w,5+p� 4,
A 3= +54,

Vlploduo|/ iurp +46,/ d shu xqlw wd{ � d�hfwv wkh djjuhjdwh dprxqw ri jrrg 5
vhqw wr wkh pdunhw iru wudgh e| roljrsrolvwv m/ m @ 4> ===>p/ dv

CT��
C�

@ �
p� 4

5p+�. �,5
? 3> +55,

dqg dq dg ydoruhp wd{ w/ dv

CT�w
Cw

@ �
p� 4

5p�
? 3= +56,

Qrwlfh wkdw wkhvh uhvxowv duh vshfl�f wr roljrsrolvwlf prghov dqg lq olqh zlwk
suhylrxv olwhudwxuh1 Iurp +53,/ shu xqlw wd{hv duh ryhu0vkliwhg= frqvxphu sulfh

ulvhv pruh wkdq wkh lqfuhdvh lq wd{/ l1h1 Cs�
�

C�
A 41 Lq wkh fdvh ri d Frxuqrw prgho

zlwk olqhdu frvwv/ Gholsdood dqg Nhhq +4<<5, vkrz wkdw shu xqlw wd{dwlrq lv ryhu0
vkliwhg li/ dqg rqo| li/ wkh hodvwlflw| ri wkh vorsh ri lqyhuvh ghpdqg lv juhdwhu wkdq

rqh/ l1h1 H @ �s{5{5
{5

s
{
5

A 4144 Lq rxu frqwh{w/ shu xqlw wd{hv duh ryhu0vkliwhg/

dqg iurp +7,/ lw lv hdv| wr fkhfn wkdw H @ 51 Rq wkh frqwudu|/ wkh uhvxow rq wkh

43E| vxffhvvlyh holplqdwlrqv ri �upv/ wkh roljrsro| htxloleulxp uhvxowv lq dq hqgrjhqrxv

qxpehu ri dfwlyh �upv1 Iru pruh ghwdlov rq wklv srlqw/ vhh Jdev}hzlf} dqg Plfkho +4<<:,1
44Vhh dovr Vhdgh +4<;8,/ Vwhuq +4<;:, dqg P|ohv +4<<8, s1 6941

;



lqflghqfh ri dg ydoruhp wd{dwlrq vkrzv wkdw frqvxphu sulfh pd| ulvh ohvv wkdq
wkh lqfuhdvh lq wd{ +xqghu0vkliwlqj,1 Iurp +54,/ ryhu0vkliwlqj +xqghu0vkliwlqj,

rffxuv li/ dqg rqo| li � A +?, +p�4,+4�w,5

p
1 Ilqdoo|/ lq erwk fdvhv ri shu xqlw dqg

dg ydoruhp wd{dwlrq/ dq lqfuhdvh lq wkh wd{ udwh ohdgv wr d uhgxfwlrq lq wkh wrwdo
txdqwlw| ri jrrg 5/ T�

k
/ k @ w> � / zklfk roljrsrolvwv duh zloolqj wr h{fkdqjh rq

wkh pdunhw/ wkxv uhlqiruflqj wkh glvwruwlrq douhdg| jhqhudwhg e| wkhlu vwudwhjlf
ehkdylrxu1

6 D frpsdulvrq ehwzhhq dg ydoruhp dqg shu

xqlw wd{hv

Lq wklv vhfwlrq/ zh frpsduh wkh zhoiduh h�hfwv ri dg ydoruhp dqg shu xqlw wd{0
dwlrq1 Wr shuirup wklv dqdo|vlv/ dv d edvlv ri frpsdulvrq/ zh xvh dg ydoruhp
dqg shu xqlw wd{hv wkdw duh uhyhqxh0qhxwudo/ dw roljrsro| htxloleulxp1 Pruh
suhflvho|/ zh frqvlghu d vkliw iurp dq dg ydoruhp wd{ w wr d shu xqlw wd{ � zklfk
udlvhv dq htxdo dprxqw ri wd{ uhyhqxh145 Vshfl�fdoo|/ iurp htxdwlqj +48, dqg
+49,/ wkh ydoxh ri � zklfk lv xvhg dv d edvlv ri frpsdulvrq rewdlqv dv

� @
p�w

p+4� w,� 4
> +57,

zlwk � A 3/ xqghu wkh dvvxpswlrq wkdw p A 4
4�w 1 Lq +57,/ qrwlfh wkdw p lv wkh

qxpehu ri srwhqwldo dfwlyh �upv dqg � lv wkh dyhudjh frvw ri wklv srro ri �upv1

Lq wkh iroorzlqj sursrvlwlrq/ zh vwduw e| frpsdulqj wkh h�hfwv ri dg ydoruhp
dqg shu xqlw wd{hv rq wkh qxpehu ri dfwlyh roljrsrolvwv/ dqg wkhlu uhvxowlqj
xwlolw| ohyho dw wkh roljrsro| htxloleulxp1

Sursrvlwlrq 4 D uhyhqxh0qhxwudo vkliw iurp dq dg ydoruhp wd{ w wr d shu xqlw
wd{ � / ohdgv wr

+l, dq lqfuhdvh lq wkh qxpehu ri dfwlyh �upv m/ m @ 4> ===>p/ zlwk �upv m/ iru

zklfk p�
p�4 ? �m ?

p�+4�w,
p+4�w,�4 / hqwhulqj lqwr wkh pdunhw>

+ll, d uhgxfwlrq lq wkh xwlolw| ohyho ri roljrsrolvwv m/ m @ 4> ===>p/ iru zklfk

3 ? �m ?
p�
s
4�w

p
s
4�w.4 >

+lll, dq lqfuhdvh lq wkh xwlolw| ohyho ri roljrsrolvwv m/ m @ 4> ===>p/ iru zklfk
p�
s
4�w

p
s
4�w.4 ? �m �

p�+4�w,
p+4�w,�4 1

45Vhh Vxlwv dqg Pxvjudyh +4<86, iru d glvfxvvlrq rq wklv srlqw1 D �vpdoo� wd{ vkliw wkdw
ohdyhv wrwdo wd{ sd|phqwv xqfkdqjhg dw wkh lqlwldo htxloleulxp sulfh/ exw zklfk lv qrw ixoo|
uhyhqxh0qhxwudo/ lv lqvwhdg xvhg e| Gholsdood dqg Nhhq +4<<5,1

<



Surri1 E| vxevwlwxwlqj +57, lqwr +4<,/ xqghu shu xqlw wd{dwlrq/ wkh roljrsro|
htxloleulxp kdv p dfwlyh �upv li/ dqg rqo| li/

�m ?
p�+4� w,

p+4� w,� 4
=

Vlqfh/ iurp +4<,/ zh nqrz wkdw/ xqghu dg ydoruhp wd{dwlrq/ wkh fruuhvsrqglqj

frqglwlrq lv �m ?
p�
p�4 / zlwk

p�
p�4 ?

p�+4�w,
p+4�w,�4 / wkh vkliw iurp dq dg ydoruhp wd{

w wr wkh shu xqlw wd{ � lq +57, doorzv wkh hqwu| ri wkrvh �upv m/ m @ 4> ===>p/ iru

zklfk p�
p�4 ? �m ?

p�+4�w,
p+4�w,�4 1

Ilqdoo|/ xqghu dg ydoruhp wd{dwlrq/ e| vxevwlwxwlqj +4:, dqg +4;, lqwr +<,/
wkh xwlolw| ohyho uhdfkhg e| roljrsrolvwv m/ m @ 4> ===>p/ rewdlqv dv

Y +t�mw> |
�
mw, @

�
p�� +p� 4,�m

5p�

�7
+4� w,5

�m
= +58,

Vlploduo|/ zlwk wkh shu xqlw wd{ � lq +57,/ e| vxevwlwxwlqj +4:, dqg +4;, lqwr +<,/
wkh xwlolw| ohyho uhdfkhg e| roljrsrolvwv m/ m @ 4> ===>p/ rewdlqv dv

Y +t�m� > |
�
m� , @

�
p�+4� w,� +p+4� w,� 4,�m

5p�

�7
4

�m
= +59,

Dffruglqjo|/ vlpsoh fdofxodwlrqv vkrz wkdw wkh ixqfwlrq i+�> �m, @ Y +t�mw> |
�
mw,�

Y +t�m� > |
�
m� , gh�qhg rq �m 5

l
3> p�

p�4

l
lv vwulfwo| srvlwlyh zkhq

�m 5

l
3> p�

s
4�w

p
s
4�w.4

k
/ dqg vwulfwo| qhjdwlyh zkhq �m 5

l
p�

s
4�w

p
s
4�w.4 >

p�
p�4

l
/ zklfk

frpsohwhv wkh surri ri sduw +ll, dqg +lll, ri sursrvlwlrq 41

Sduw +l, ri sursrvlwlrq 4 sdudoohov vlplodu uhvxowv rewdlqhg lq wkh olwhudwxuh1
Iru d v|pphwulf roljrsro| zlwk hqwu|/ Gholsdood dqg Nhhq +4<<5, dovr vkrz wkdw
d vkliw dzd| iurp dg ydoruhp wd{dwlrq wrzdugv shu xqlw ohdgv wr dq lqfuhdvh
lq wkh qxpehu ri dfwlyh �upv +sursrvlwlrq 7 +e,,1 Krzhyhu/ e| frqvlghulqj wkh
dv|pphwulf fdvh/ sduw +l, ri rxu sursrvlwlrq 4 vshfl�hv wkh fkdudfwhulvwlfv ri wkh
qhz �upv hqwhulqj lqwr wkh pdunhw/ zklfk duh kljk frvw dqg wkxv ohvv h!flhqw
�upv1 Lq d sduwldo htxloleulxp prgho/ d vlplodu uhvxow lv rewdlqhg e| Ghqlfroõ
dqgPdwwhx}}l +5333,/ dovr iru wkh fdvh ri dq dv|pphwulf roljrsro|1 Ixuwkhupruh/
wkh uhvw ri sursrvlwlrq 4 vkrzv wkdw d frq lfw ri lqwhuhvwv dulvhv ehwzhhq wkh pruh
h!flhqw �upv/ zklfk suhihu dg ydoruhp wd{dwlrq +sduw +ll, ri sursrvlwlrq 4, dqg
wkh ohvv h!flhqw �upv/ zklfk idyru shu xqlw wd{dwlrq +sduw +lll, ri sursrvlwlrq
4,1 Shu xqlw wd{dwlrq lv reylrxvo| suhihuuhg e| �upv m/ m @ 4> ===>p/ iru zklfk
p�
p�4 ? �m �

p�+4�w,
p+4�w,�4 / wkdw zhuh h{foxghg iurp wkh pdunhw/ xqghu dg ydoruhp

wd{dwlrq/ dqg ehfrph dfwlyh/ xqghu shu xqlw wd{dwlrq1 Iru wkh uhpdlqlqj �upv
m/ iru zklfk 3 ? �m ? p�

p�4 / wkh idfw wkdw wkh pruh h!flhqw �upv suhihu dq dg
ydoruhp wd{ dqg wkh ohvv h!flhqw idyrxu shu xqlw wd{dwlrq ghshqgv rq ixuwkhu
revhuydwlrqv1 Iluvwo|/ qrwlfh wkdw wkh uhyhqxh0qhxwudo vkliw iurp dg ydoruhp wr
shu xqlw wd{dwlrq lqfuhdvhv wkh dprxqw ri wd{ sdlg rq hdfk xqlw ri jrrg 5 vrog

43



e| hdfk �up m/ m @ 4> ===>p/ vlqfh � @ p�w
p+4�w,�4 lv juhdwhu wkdq ws�w @

p�w
+p�4,+4�w, 1

Vhfrqgo|/ vxfk d uhyhqxh0qhxwudo vkliw d�hfwv lq d gl�huhqw zd| wkh dprxqw ri
jrrg 5 zklfk �upv m/ m @ 4> ===>p/ duh zloolqj wr vxsso| rq wkh pdunhw iru wudgh1
Dffruglqjo|/ dovr wkh sulfh fkdqjhv/ dqg lw lv hdv| wr fkhfn wkdw wkh surgxfhu
sulfh zlwk wkh wd{ � lq +57, lv kljkhu wkdq wkh surgxfhu sulfh xqghu dg ydoruhp
wd{dwlrq1 Wkxv/ wkh lqfuhdvh lq wkh surgxfhu sulfh xqghu shu xqlw wd{dwlrq
frpshqvdwhv wkh kljkhu dprxqw ri wd{ wkdw qrz kdv wr eh sdlg rq hdfk xqlw ri
jrrg 5/ lq wkh fdvh ri wkh ohvv h!flhqw �upv/ zkloh wklv grhv qrw rffxu iru wkh
pruh h!flhqw rqhv1

Qrz zh surfhhg wr d frpsdulvrq ri wkh h�hfwv ri dg ydoruhp dqg shu xqlw
wd{hv iurp wkh ylhz srlqw ri frqvxphuv1

Sursrvlwlrq 5 D uhyhqxh0qhxwudo vkliw iurp dq dg ydoruhp wd{ w wr d shu xqlw
wd{ � / ohdgv wr

+l, dq lqfuhdvh lq wkh frqvxphu sulfh>

+ll, d uhgxfwlrq lq wkh xwlolw| ohyho ri frqvxphuv l/ l @ 4> ===> q1

Surri1 E| vxevwlwxwlqj +57, lqwr +47,/ lw lv hdvlo| fkhfnhg wkdw/ xqghu shu xqlw
wd{dwlrq/ wkh sulfh dw htxloleulxp rewdlqv dv

s�� @
p�

p+4� w,� 4
> +5:,

zklfk lv vwulfwo| juhdwhu wkdq wkh sulfh xqghu dg ydoruhp wd{dwlrq rewdlqhg
lq +47,1 Wkxv/ e| vxevwlwxwlqj +5:, lqwr +8,/ wkh xwlolw| ohyho ri frqvxphuv l/
l @ 4> ===> q/ xqghu shu xqlw wd{dwlrq/ rewdlqv dv

V+s�� , @
p+4� w,� 4

7q5p�
= +5;,

Vlploduo|/ e| vxevwlwxwlqj +47, lqwr +8,/ wkh xwlolw| ohyho ri frqvxphuv l/ l @
4> ===> q/ xqghu dg ydoruhp wd{dwlrq/ lv jlyhq e|

V+s�w , @
+p� 4,+4� w,

7q5p�
> +5<,

zklfk lv vwulfwo| juhdwhu wkdq +5;,1

Sursrvlwlrq 5 dovr sdudoohov vlplodu uhvxowv rewdlqhg e| Gholsdood dqg Nhhq
+4<<5,/ sursrvlwlrq 6 +d,1 Lq rxu frqwh{w/ wkh uhyhqxh0qhxwudo vkliw iurp dg
ydoruhp wr shu xqlw wd{dwlrq ohdgv wr d ghfuhdvh lq wkh djjuhjdwh dprxqw ri
jrrg 5 vxssolhg rq wkh pdunhw e| �upv/ dqg dffruglqjo| dq lqfuhdvh lq frqvxphu
sulfh1 Dv d frqvhtxhqfh/ frqvxphuv l/ l @ 4> ===> q/ fdq qrz ex| d orzhu txdqwlw|
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ri jrrg 5 dw d kljkhu sulfh= wkh uhyhqxh0qhxwudo wd{ vkliw ohdgv wr d ghfuhdvh lq
wkhlu xwlolw| ohyho1

Wr vxp xs wkh uhvxowv ri sursrvlwlrqv 4 dqg 5/ zh frqfoxgh wkdw d frq lfw
ri lqwhuhvwv dulvhv ehwzhhq frqvxphuv l/ l @ 4> ===> q/ dqg orz frvw �upv m/ zkr
erwk duh lq idyru ri dg ydoruhp wd{dwlrq/ dqg kljk frvw �upv m zklfk/ rq wkh
frqwudu|/ duh lq idyru ri shu xqlw wd{dwlrq1 Dv d frqvhtxhqfh/ wr frpsduh wkh
zhoiduh surshuwlhv ri dg ydoruhp dqg shu xqlw wd{hv/ zh kdyh wr frqvlghu wkhlu
h�hfwv rq wkh djjuhjdwh zhoiduh/ qdpho| wkh vxp ri wkh xwlolw| ohyhov ri frqvxphuv
l/ l @ 4> ===> q/ dqg roljrsrolvwv m/ m @ 4> ===>p dw htxloleulxp1 Wr vlpsoli| wkh
dqdo|vlv/ wkh zhoiduh frpsdulvrq lv pdgh xqghu wkh dvvxpswlrq wkdw doo �upv
duh v|pphwulf/ qdpho| wkdw �m @ �/ ;m/ m @ 4> ===>p1 Dv lw zdv qrwlfhg deryh/ lq
wklv fdvh/ wkhuh duh p dfwlyh �upv erwk xqghu dg ydoruhp dqg shu xqlw wd{dwlrq1

Sursrvlwlrq 6 D uhyhqxh0qhxwudo vkliw iurp dq dg ydoruhp wd{ w wr d shu xqlw

wd{ � lqfuhdvhv djjuhjdwh zhoiduh zkhqhyhu q A 7p5

5�w
1

Surri1 E| vxevwlwxwlqj �m @ �/ ;m/ m @ 4> ===>p/ lqwr +58, dqg +59,/ wkh
gl�huhqfh lq wkh xwlolw| ohyho iru hdfk roljrsrolvw m/ m @ 4> ===>p/ xqghu dg ydoruhp
dqg shu xqlw wd{hv rewdlqv dv

Y +t�mw> |
�

mw,� Y +t�m� > |
�

m� , @ �
+5� w,w

49p7�
= +63,

Vlploduo|/ e| vxewudfwlqj +5;, iurp +5<,/ wkh gl�huhqfh lq wkh xwlolw| ohyho iru
hdfk frqvxphu l/ l @ 4> ===> q/ lv jlyhq e|

V+s�w ,� V+s�� , @
w

7q5p�
= +64,

Ilqdoo|/ iurp +63, dqg +64,/ wkh gl�huhqfh lq djjuhjdwh zhoiduh zlwk dg ydoruhp
dqg shu xqlw wd{hv/ rewdlqv dv

q �
w

7q5p�
.p �

�
�

+5� w,w

49p7�

�
@

w

49qp6�
+7p5

� q+5� w,,>

zklfk lv vwulfwo| qhjdwlyh li q A 7p
5

5�w
1

Sursrvlwlrq 6/ zklfk lv lq vkdus frqwudvw zlwk wkh suhylrxv olwhudwxuh flwhg
lq rxu lqwurgxfwlrq/ vkrzv wkdw shu xqlw wd{dwlrq zhoiduh grplqdwhv dg ydoruhp
wd{dwlrq wkdw udlvhv dq htxdo dprxqw ri wd{ uhyhqxh/ zkhqhyhu wkh qxpehu ri
frqvxphuv lv vx!flhqwo| kljk1 Ixuwkhupruh/ qrwlfh wkdw wklv dvvxpswlrq lv qrw
yhu| ghpdqglqj vlqfh lw lv lq dghtxdf| zlwk wkh dvvxpswlrq wkdw frqvxphuv
ehkdyh dv sulfh0wdnhuv146

46 Lq wklv vhw0xs/ li d oxps0vxp wd{ zhuh dydlodeoh/ lw zrxog wdnh wkh irup ri d ohy| rq wkh
dprxqw ri jrrg 5 surgxfhg e| �upv1 Lq wklv fdvh/ lw lv srvvleoh wr vkrz wkdw d oxps0vxp
wd{ zrxog eh zhoiduh vxshulru wr dq dg ydoruhp wd{ wkdw udlvhv wkh vdph dprxqw ri wd{ uhy0
hqxh/ zkhqhyhu wkh qxpehu ri frqvxphuv lv vx!flhqwo| kljk dqg wkh qxpehu ri roljrsrolvwv
vx!flhqwo| orz1 Rq wkh frqwudu|/ shu xqlw wd{dwlrq zrxog zhoiduh grplqdwh oxps0vxp wd{d0
wlrq/ zkhqhyhu wkh qxpehu ri frqvxphuv lv vx!flhqwo| kljk1 Vhh Vpduw +4<<<, iru d zhoiduh
frpsdulvrq ehwzhhq oxps0vxp dqg h{flvh wd{dwlrq1
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7 Frqfoxglqj uhpdunv

Wklv sdshu frpsduhv wkh gl�huhqw zhoiduh surshuwlhv ri dg ydoruhp dqg shu xqlw
wd{dwlrq lq d jhqhudo htxloleulxp prgho ri roljrsrolvwlf lqwhudfwlrq1 Rxu pdlq
uhvxow vkrzv wkdw/ zkhq wkh qxpehu ri frqvxphuv lv vx!flhqwo| kljk/ shu xqlw
wd{dwlrq zhoiduh grplqdwhv dg ydoruhp wd{dwlrq wkdw udlvhv dq htxdo dprxqw ri
wd{ uhyhqxh1

Wklv uhvxow lv lqwhqghg wr surylgh d frxqwhu0h{dpsoh wr suhylrxv uhvxowv re0
wdlqhg lq wkh olwhudwxuh1 Iru h{dpsoh/ wkh vxshulrulw| ri dg ydoruhp wd{dwlrq
ryhu shu xqlw kdv ehhq vkrzq e| Vxlwv dqg Pxvjudyh +4<86, dqg Vnhdwk dqg
Wudqgho +4<<7, iru wkh prqrsro| fdvh/ dqg e| Ghqlfroõ dqg Pdwwhx}}l +5333,
dqg Gholsdood dqg Nhhq +4<<5, iru roljrsro|1 Zlwk uhvshfw wr wkh odwwhu/ hyhq
li wkhlu sdshu gl�huv iurp rxuv lq vhyhudo uhvshfwv/ dv vwdwhg lq rxu lqwurgxf0
wlrq/ qrwlfh wkdw/ xqghu wkhlu dvvxpswlrq ri d vlqjoh uhsuhvhqwdwlyh frqvxphu/
l1h1 q @ 4/ zh dovr rewdlq wkh grplqdqfh ri dg ydoruhp ryhu shu xqlw wd{dwlrq1
Krzhyhu/ lq rxu frqwh{w/ wklv hyhqw kdv qrw dq| hfrqrplf phdqlqj vlqfh frq0
vxphuv uhsuhvhqw wkh frpshwlwlyh vlgh ri wkh pdunhw/ dqg iru wklv uhdvrq wkhlu
qxpehu kdv wr eh vx!flhqwo| kljk frpsduhg zlwk wkh qxpehu ri roljrsrolvwv
zklfk ghvfuleh wkh vwudwhjlf vlgh1

Ilqdoo|/ qrwlfh wkdw rxu dqdo|vlv kdv ehhq fdvw lqwr d sduwlfxodu roljrsro|
prgho/ lq zklfk roljrsrolvwv duh vlpxowdqhrxvo| surgxfhuv dqg frqvxphuv1 Wklv
vw|ol}hg ghvfulswlrq lv vxlwdeoh wr uhsuhvhqw d zruog lq zklfk hdfk �up zrxog eh
rzqhg e| d vlqjoh lqglylgxdo/ exw qrw wkdw ri hqwhusulvhv rzqhg e| vkduhkroghuv
zkr gr qrw kdyh wkh vdph suhihuhqfhv +Jdev}hzlf} dqg Plfkho +4<<:,,1 Qhy0
huwkhohvv/ zlwk wkh odwwhu irupxodwlrq/ vhyhudo gl!fxowlhv dulvh lq prghoolqj lp0
shuihfw frpshwlwlrq lqwr d jhqhudo htxloleulxp iudphzrun/ qdpho| wkh roljrsro|
htxloleulxp lv qrw lqyduldqw zlwk uhvshfw wr wkh qrupdol}dwlrq uxoh xvhg wr qru0
pdol}h sulfh/ dqg wkh sur�w pd{lpl}dwlrq fulwhulrq pd| qrw eh rswlpdo iurp wkh
vkduhkroghuv* ylhzsrlqw +Jdev}hzlf} dqg Yldo +4<:5,,1

Uhihuhqfhv

^4` Elvkrs/ U1 O1 +4<9;,/ Wkh H�hfwv ri Vshfl�f dqg Dg Ydoruhp Wd{hv/ Txdu0
whuo| Mrxuqdo ri Hfrqrplfv/ ;5/ 4<;054;1

^5` Frodqjhor/ J1/ Jdopdulql/ X1 +4<<:,/ Rq wkh Sduhwr Udqnlqj ri Frpprg0
lw| Wd{hv lq d Sulfh0vhwwlqj Roljrsro| zlwk Surgxfw Gl�huhqwldwlrq/ Sxeolf
Ilqdqfh/ 85/ 830961

^6` Gholsdood/ V1/ Nhhq/ P1 +4<<5,/ Wkh Frpsdulvrq ehwzhhq Dg Ydoruhp dqg
Vshfl�f Wd{dwlrq xqghu Lpshuihfw Frpshwlwlrq/ Mrxuqdo ri Sxeolf Hfr0

qrplfv/ 7</ 684069:1

^7` Ghqlfroõ/ Y1/ Pdwwhx}}l/ P1 +5333,/ Vshfl�f dqg Dg Ydoruhp Wd{dwlrq lq
Dv|pphwulf Frxuqrw Roljrsrolhv/ Lqwhuqdwlrqdo Wd{ dqg Sxeolf Ilqdqfh/ :/
66806751

46



^8` Jdev}hzlf}/ M1 M1/ Jud}}lql/ O1 +4<<<,/ Wd{lqj Pdunhw Srzhu/ Mrxuqdo ri
Sxeolf Hfrqrplf Wkhru|/ yro1 4/ q1 7/ 7:807<:1

^9` Jdev}hzlf}/ M1 M1/ Plfkho/ S1 +4<<:,/ Roljrsro| Htxloleulxp/ lq H{fkdqjh
Hfrqrplhv lq Wudgh/ Whfkqrorj| dqg Hfrqrplfv1 Hvvd|v lq Krqrxu ri

Ulfkdug J1 Olsvh| e| E1 F1 Hdwrq/ dqg U1 J1 Kduulv/ Hgv1/ Fkhowhqkdp=
Hgzdug Hojdu1

^:` Jdev}hzlf}/ M1 M1/ Yldo/ M1 S1 +4<:5,/ Roljrsro| �ã od Frxuqrw� lq Jhqhudo
Htxloleulxp Dqdo|vlv/ Mrxuqdo ri Hfrqrplf Wkhru|/ Yro1 7 ss1 6;407331

^;` Jxhvqhulh/ U1/ Od�rqw/ M1 M1 +4<:;,/ Wd{lqj Sulfh Pdnhuv/ Mrxuqdo ri Hfr0
qrplf Wkhru|/ Yro1 4< ss1 75607881

^<` Kdplowrq/ V1 I1 +4<<<,/ Wd{ Lqflghqfh xqghu Roljrsro|= d Frpsdulvrq ri
Srolf| Dssurdfkhv/ Mrxuqdo ri Sxeolf Hfrqrplfv/ :4/ 56605781

^43` Nhhq/ P1 +4<<;,/ Wkh Edodqfh ehwzhhq Vshfl�f dqg Dg Ydoruhp Wd{dwlrq/
Ilvfdo Vwxglhv/ 4</ 406:1

^44` P|ohv/ J1 +4<;<,/ Udpvh| Wd{ Uxoh iru Hfrqrplhv zlwk Lpshuihfw Frpsh0
wlwlrq/ Mrxuqdo ri Sxeolf Hfrqrplfv/ 6;/ <804481

^45` P|ohv/ J1 +4<<8,/ Sxeolf Hfrqrplfv/ Fdpeulgjh/ Fdpeulgjh Xqlyhuvlw|
Suhvv1

^46` P|ohv/ J1 +4<<9,/ Lpshuihfw Frpshwlwlrq dqg wkh Rswlpdo Frpelqdwlrq ri
Dg Ydoruhp dqg Shu Xqlw Wd{dwlrq/ Lqwhuqdwlrqdo Wd{ dqg Sxeolf Ilqdqfh/
6/ 5<0771

^47` Uhlqkruq/ O1 M1 +4<<<,/ Rswlpdo Wd{dwlrq zlwk Frxuqrw Roljrsro|/ plphr1

^48` Vkdsoh|/ O1 +4<:9,/ Qrqfrrshudwlyh Jhqhudo H{fkdqjh/ lq Wkhru| dqg Phd0

vxuhphqw ri Hfrqrplf H{whuqdolwlhv e| V1 Olq Hg1/ Qhz \run= Dfdghplf
Suhvv1

^49` Vkdsoh|/ O1/ Vkxeln/ P1 +4<::,/ Wudgh Xvlqj Rqh Frpprglw| dv d Phdqv
ri Sd|phqw/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ Yro1 ;8 ss1 <6:0<9;1

^4:` Vnhdwk/ V1 H1/ Wudqgho/ J1 D1 +4<<7,/ D Sduhwr Frpsdulvrq ri Dg Ydo0
ruhp dqg Xqlw Wd{hv lq Qrqfrpshwlwlyh Hqylurqphqwv/ Mrxuqdo ri Sxeolf
Hfrqrplfv/ 86/ 860:41

^4;` Vpduw/ P1 +4<<<,/ D Vlpsoh Surri ri wkh H!flhqf| ri wkh Sroo Wd{/ Mrxuqdo
ri Sxeolf Hfrqrplfv/ :4/ 78<07981

^4<` Vxlwv/ G1 E1/ Pxvjudyh/ U1 D1 +4<86,/ Dg Ydoruhp dqg Xqlw Wd{hv Frp0
sduhg/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 9:/ 8<;09371
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